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Para l l e l  Proc e s s i ng o f  the Fas t F ou r i er Tran s f o rm 
I NTRODUCT I ON 
The a l go r i thms wh i c h  eva l ua t e  D i s c r e t e  Four i e r  
Trans f o rms ( DFT ) and I nverse D F T  v e r y  e f f i c i en t l y  are 
cal l ed Fas t  Four i er T�ans fo rms ( FFT ) . The FFT has bec ome 
a bas i c  t o o l in var i ous sc i en t i f i c · and eng i ne e r i ng 
d i sc i pl i ne s , rang i ng f r om o i l  exp l o rat i on to a r t i f i c i a l  
i n t e l l i g ence . E f f i c i ent FFT c omputa t i on i s  a requ i rement 
o f  any eng i n ee r i ng / s c i en t i f i c  compu t e r . 
The f i r s t  FFT a l g o r i thm� we re repo r t ed by Rung e 
and Kon i g  i n  1 9 2 4 , and-by Dan i e l s on and Lanc z o s  i n  1 9 42 .  
Howeve r , t h e  FFT d i dn't rec e i ve muc h  a t t en t i on at a l l  unt i l  
C o o l e y  and Tukey pub l i shed the i r  a l g o r i � hm [ 1 ] i n  1 9 6 5 . 
The C o o l e y-Tukey ·· a l g o r i thm i s  · s i mpl e · and w i de l y  u s ed i n  
many app l i cat i on s o f tware . packages . Win o g rad devel oped h i s  
FFT i n  1 9 7 6 , wh i ch i s  bas ed upon t h e  pr i me f ac t o r  t h e o r y 
2 
fs ee [7 ]  ) • I t  i s  typ i cal l y  fas ter than t h e  C o o l ey-Tukey 
A l g o r i thm ,' i f  the computer s ys tem has no mul t i pl i cat ion 
i ns t ruc t i ons . Acc o rdi ng to the book prepared by the 
D i g i ta l  S i gnal Proce s s i ng Comm i t t e e  of the IEEE in 1 9 7 9 , 
the speed di f f e r enc e amoung the s e  FFT a l g o r ithms · is 
around 4 0% .  
My obj e c t i ve in th i s  pape r i s  t o  cho o s e  a proper 
a l go r i thm , e s tab l i sh the appr op r ia t e  p r o g r amm ing · 
t echn i que s , and de t e rm ine the s e quence o f  s t ep s  re qu i red 
t o  impl ement a FFT bo th on a c onvent io n a l  I BM - PC and a 
Vec t o r  Proce s s o r  ( VP )  sys tem . I w il l  demo n � t r a t e  how to 
vec t o r iz e  a FFT so that the a l g o r ithm c an be per f o rmed 
unde r a VP s ys t em . Th e anal ys is o f  ·data dependenc e -i n  an 
a l g o r ithm is ano t h e r  impo rtant par t  o f  t h is pap e r  . . 
The pape r inc l udes the ana l ys is o f  t h e  Coo l ey� 
Tuk e y  and W i nograd FFT algo r it h �s . Th � Pr ime fac t o r  me th od . 
w i l l  be 
· �t ,. · 
u s ed in the s e  two FFTs . I t . w ll l  b e  seen that 
the C o o l ey-Tukey A l g o r ithm can be mo re eas il y  impl emen t ed 
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on a vec t o r  s ys tem and needs fewer memo r y  l ocat i ons . Th e 
de ta i l s  o f ' t h e  W i nog rad FFT algor i thm can be found i n  [ 2 ] .  
I n  add i t i on , th i s  pape r h a s  two Coo l ey- Tukey 
FFTs and one DFT program wr i t ten in As s emb l y  Language . 
One o f  two FFT pro g rams has been t e s t ed and exec u t ed on a 
c onven t i onal I BM- PC wh i ch has an I n t e l - 8 0 8 8  proc e s s o r  as 
the C e n t r a l  Proc e s s i ng Un i t  ( CPU ) , and one I n t e l - 8 0 8 7  
Numer i c Data Proc e s s o r . The 8 0 8 7  i s  spec i a l l y  de s i gned to 
pe r f o rm r e a l  number operat i ons e f f i c i en t l y  and qu i c k l y . 
Becau s e  o f  the spec i a l  arch i tec tu r e  o f  the 8 0 8 7 , s i ng l e  or 
doub l e  pr ec i s i o n can be eas i l y  pr oc e s s ed . . The t e s ted 
prog ram was comp i l ed and l i nked by M i c ro s o f t  Ass emb l y  
Language v e r s i on·s . o and the requ i red· r e s u l t s  o f  bo th the 
FFT and I nve r s e  FFT were obtai ned . 
Ano t h e r  p rog ram o f  the C o o l e y- Tukey FFT i s  a 
mod i f i ed v e r s i on o f  the f i rs t  one . Th e d i f f e renc� be tween 
th e s e  two programs i s. the i nc l u s i on of t h e  vec t o r  
4 
i ns t ruc t i on s  f o r  the VP . A VP s ys tem cons i s t s  o f  mul t i p l e  
8 0 8 7s wh i ch c a n  be ac t i vated s equen t i al l y  o r  i n  paral l el . 
Mos t  o f  the mathema t i ca l  calcul at i ons are p e r f o rmed us i ng 
8 0 8 7s by l oadi ng the data e l ement s  o f  a n  array 
s equent i a l l y  i nt o  them and execut i ng the i ns t ruc t i ons in 
paral l e l . The re s u l t s  o f  the operat i on s  are s e qu ent i a l l y  
re t r i eved from the 8 0 8 7s and s t o red a t  t h e  addre s s e s  
po i nt ed to by the CPU . A de ta i l ed d i s c us s i on o f  the VP 
and i t s I ns truc t i on s  are g i ven i n  Chapter F our . 
r e qu i red hardware u s i ng mo r e  than one 8 0 8 7  
S i nce the 
is no t 
curr en t l y  wo rk i ng , the vec t o r i z ed FFT prog ram was on l y  
comp i l ed w i thout execu t i on . S i nc e  the f i rst pro garm has 
the s ame a l go r i th m  and mo re than 7 0% of t h e  same prog ram 
code as the vec tori zed one , i t  cou l d  be executed us i ng 
a work i ng Vec t or Proc e s sor wi thout any d i f f i cu l t y . 
The r e  i s  a data format o f  c onvers i on prob l em 
be tween the CPU and I /0 po r t s , the convers i on uses a 
. , · 
l ong As s emb l y  pro gram to· teal i z e  the I nput and Output o f  
f l oa t i ng - po i nt n�mbers� Th i s  program i s  even l onger than 
5 
the F FT program . Thus , M i c r o s o f t  Qui ck BAS I C  was u s ed to 
cal l t h e s e  As s embl y  prog r am subrout i ne s  and to handl e the 
I nput and o ut pu t  of r eal numbe r s . Ac t ua l l y , o t h e r  h i gh 
l eve l l anguage s  such as M i c r o s o f t  C and FORTRAN could a l s o  
b e  u s ed w i thout many modi f i cat i ons . 
The VP pe r fo rmanc e wi l l  be f i na l l y  ment i oned i n  
Chap t e r Four . The -number o f  c l ock pe r i ods requ i r ed t o  
execute a par t i cu l ar form (r e gi s t e r - t o - reg i s ter , 
immed i a t e - t o -memo r y , etc . ) o f  i ns t ruc t i on i s  coun t ed and 
d i s cus s ed . I t  wi l l  be s umma r i z ed that the k e y  po i nt to 
vec to r i z e  a prog ram is to el i m i nate the u s e of s e r i a l mode 
program s e gmen ts and the para l l e l  mode -i s  very h e l pfu l i n  
rai s i ng the execut i on speed o f  a prog r am . 
FORTRAN i s  a h i g h - l eve l l anguage wh i ch wa s u s ed 
t o  de s c r ibe the FFT a l go r i thms . Al l t h e �e a l g o r ithms hav� 
been t e s ted and s •t i s fac t o ry r e$u l t s  w e r e  obta i ned . 
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Chapt e r  One 
Prope r t i e s of D i screte Four i e r  T r ans f o rm 
Th i s  Chapter de s c r i be s  the p rope r t i e s o f  
the D i sc r e t e  Fou r i e r  Tran s fo rm (DFT) , t h e  mathemat i ca l  
prepa rat i on for l a t e r  prog rammi ng and t h e  i mp roved di rec t 
calcu l a t i on o f  the DFT . At the end o f  t h i s  chapt e r , we 
w i l l  i nt r oduc e a FORTRAN subrout i ne · and a subrout ine 
wr i t t en in M i c ro s o ft As s emb l y  Languag e . The s e  t wo pro g rams 
were t e s t ed both on an I BM 4 3 8 1 ma i n  f rame and an I BM - PC . 
The r equ i red r e s u l t s  were obt a i ned . 
1 . 1  Prope r t i e s o f  the D FT 
The DFT is one o f  t h e  mo s t  fundamental 
operat i o ns i n  di g i tal s i gnal proce s s i ng . Th�·DFT is u s ed 
in the des c r i pt i on ,  repre senta t i on , and a _na lys is .o f  
di sc r e t e - t ime s i gnal s . · E f f i c i ent D FT a l �o r i thms mak e 
cons iderab l e  us e o f  dig ital s ignal pro ce s s in g  p rac t ica l . 
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1.1.1 DFT and IDFT 
The DFT o f  a sequenc e of N comp l ex numbers 
{x0,x1,x2, . • •  ,xN_1} is ano ther s e quence of comp l ex numbers 
N- 1 
X
k 
= f x * EXP ( - j2 1Tnk / N ) , k =O , 1, 2 ,  • • •  N - 1 
� n 
n=O 
- - - - - - - - - - -( 1 . 1 ) 
i s : 
I n  mo s t  c a s e s , the s i gnal x ( n )  come s f r o m 
samp l e s  o f  s ome c ont i nuous t i me s i gn a l ; th.ere f o r e , the 
i ndex n i s  c ons idered t o  be a samp l e  o f  t i me . . 
The I n�e r s e  D i s c r e t e  Four i �r T r ari s f o rm ( I D F T )  o f  
sequenc e {x
0 
, x
1 
, x
2
, . . .  , x
N _1
} by t.he nex t f o rmu l a : 
X : 
n 
1·
. 
N-1 
* L. X * EXP ( j 2 1T' nk IN ) , n = 0 ·, 1 ; 2 , • • • , N- 1 
N k =Q· . 
k 
- - - - - - - - - - ( 1 . 2 ) 
8 
t o  s impl i f y  the notat i on , use W = EXP ( - j2 1T / N ) . The 
. 
def in i tions o f  the DFT and I DFT become : 
N- 1 
X - � k - L 
n = O 
W
nk 
X ' n 
k=O, 1 ,  2 ,  • • •  , N- 1 
- - - - - - - - - - ( 1 . 3 ) 
X 
n 
1 N- 1 -nk =--- * L xkw ' n::O , 1 , 2 ,  • • .  N - 1 
N k =O 
---------- ( 1 .4) 
1 . 2  Complex I nput Numbe r s  i n  A Prosram 
I n  FORTRAN , comp l ex va�i abl e �  c a n  be de f i ned on 
the top o f  a program and the comp i l e r i s  abl e  to handle · 
t he c omp l ex ca l c u l a t i ons . But i t  i s  i mpo s s i bl e  �o de f i n e  a 
c omp l ex numbe r · i n  As s embl y Languag e . I n  o t h e r  wo rds , 
comp l ex numbe r s  can no t be d i rec t l y  u s ed i n . th e Ass embl y . 
program . Thu s , the f o l l o� i ns mathemat i c a l · me thod i s  
necce s s ar y . 
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In the cas e where x ( n )  is c omplex , the r eal and 
i mag i nary part s  o f  x ( n )  are deno ted by X ( n )  and Y ( n ) , 
respe c tively , and the real and imaginar y  par t s  o f  . the 
t ran s f o rm by A(k ) and B ( k ) , 
x(n ) = X ( n )  + jY ( n )  
X(k ) : A(k ) . + jB(k ) 
w i th X , Y , A  and B be i ng real -valued func t i ons o f  var i ab l e s . 
I s ub s t i tu t e  the s e  two de f i n i t i ons and W
nk
= COS ( Qnk ) -j 
S I N ( Qnk ) , Q: 2 n/ N  i n t o  ( 1 . 3 )  and I DFT ( 1 . 4 ) , 
o r  
The DFT become s : 
N� 1 
A ( k ) + jB ( k )  = L 
n= o 
N - 1 
A ( k )  : L 
n = O  
[X ( n ) COS ( Qrik ) + Y ( n ) S I N ( Qnk ) 
+ j[ Y ( n ) COS ( Qnk ) -X ( ri�S I N ( Qnk ) . ]} 
[ X ( n ) COS ( Qnk ) + Y ( n ) S I N ( Qnk ) 
N-1 
B ( k )  = 2: [ Y ( n ) COS ( Qnk ) - X ( n ) S I N ( Qnk ) ] 
n = O  
S im i l ar l y , t h e  I DFT become s 
1 N- 1 
X ( n )  · + jY ( n )  =--- [ { [ A ( k )  + jB ( k ) ] 
N n : O  
thus , 
1 N- 1 
* [ COS ( Qnk ) + jS IN ( Qnk ) ] }  
X ( n ) ---- L [ ( A ( k ) COS ( Qnk ) - B ( k ) S I N  ( Qnk ) ] 
N n : O  
1 N- 1 
Y(n ) ---- [ [- ( B ( k ) COS ( Qnk ) - A ( k ) S IN(Qnk ) ) ] 
.N n: O 
1 0  
The on l y  di f fe rence i n  the DFT and I D FT is the 
fac t o r  o f  ( 1 / N ) and negat i ve par t s  i n  the I D FT . · In o ther 
wo rds , i f  an a l g o r i thm ex i s t s  . for calcu l at i on o f  .the DFT , 
mu l t i pl i ca t i on · o f  the DFT by 1 /N and reversing the sign s 
o f  i nput and ou tpu t  imag i nary par t s  g i v� a n  a lgorithm f or 
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the I DFT . 
When I dev e loped the p r o g rams , I d i dn ' t  
par t i cu l ar l y  de f i ne any comp l ex ·numb e r s  i n  the programs . 
I n  al l the l a t er ·  programs o f  th i s  pape r , real and 
i mag i na r y  par t s  are proc e s s ed i ndependen t l y  i n  two 
s epar a t e  real ar rays . Th i s  i s  very e f f ec t i ve , par t i cu l a r l y  
when I deve l oped t h e  DFT and FFT i n  As s emb l y  l anguag e . 
1 �3 F l oat i ns- Po int I npu t Numbers i n  A Prosram 
I n  many prac t i cal app l i ca t i on s , t�e da t a  to be 
proc e s s ed may be f l oat i ng-po i nt numbe r s  . . Th e  next 
proc edu r e  could · be fo l l owed s o  that t h e  g eneral - FFT 
a l g o r i thm may be used . 
1. Func t i on x(k ) i s  f l oat i ng - po i rit k = 0 , 1 ·, . . .  , 2 N-l· 
2 .  D i v i de x(k ) i n t o  two func t i on s  · · · 
. 
h(k ) :x ( 2 k )  
g ( k ) :x ( 2k+ l ) k:O , t, • . .  ,N- 1  
3 .  Form the c omplex func t i on 
y ( k ) :h ( k ) +jg(k ) k : O , l ,  • • •  , N- 1  
4 .  Compu te 
N- 1 
Y(n)= L y ( k ) exp ( - j2 1T nk /N ) 
k = O  
=R ( n ) + ji ( n )  n = 0 , 1 ,  • . •  , N - 1  
where R ( n )  and I ( n )  a r e  the real 
imag i na r y  par t s  of Y ( n ) ,respec t i ve l y . 
5 .  C ompute 
X ( n ) : [ R ( n ) / 2 + R ( N -n ) / 2 ]  + 
r 
COS ( n / N ) * [ I ( n ) + I ( N - n ) / 2 ] -
S I N ( n/ N ) * [ R ( n ) / 2 -R ( N -n ) / 2] ) 
n = 0 , 1 ,  . . .  , N - 1  
X. ( n ) : [ I ( n ) / 2- I ( N -n ) / 2 ] -1 . 
S I N (  n / N ) [ I ( n ) / 2+ I ( N -n ) / 2 ] -
COS ( n / N ) [ R ( n ) / 2- � ( N - n ) / � ]  
n : 0 , 1 ,  • . .. , N- 1  
12 
and 
whe r e  X ( n )  and X. ( n ) · are r e s pec t i v� l y  the re al and 
r 1 
i mag i nary part s  o f  the 2N po i n t s  d i s c r e t e  t rans f o rm o f  
1 3  
x (  k ) . 
1 . 4 Prosram o f  the DFT 
An obv i ous way to calcul a t e  t h e  DFT of a s i gnal 
x ( n )  i s  t o  impl ement the de f in i t i on o f  the D FT d i rec t l y .  
F i g . 1 . 1  i s  a FORTRAN prog ram compo s ed o f  two par t s  - a  
cal l i ng prog ram and · DFT subrout i ne . Four arrays we re 
de f i ned in the prog ram , two f o r  i nput and two f o r  output . 
DO l O  l oo p  i s  an i n i t i a l iz i ng proc e s s  t o  s e t  up S I N  and 
COS tabl e s . I t  i s  not po s s ible t o  save the output da ta 
back to i nput · arrays w i th th i s  approarih .  Th i s  a l g o r i th� 
uses mo r e  memo r y  l ocat i ons . The i nne r mo s t  l o op pe r f o rms 
DFT ca l cu l a t i on s . It needs four mu l t i pl i c a t i ons e v e r y  t i me 
i t  g o e s  th r ough the l oo p� 
. . 
F i g . 1 . 2  i s  a DFT program wr i t t en i n  As s emb l y  
l anguage . I t  can be �sed unde r· Mic�o sti f t  Qu i ck BAS I C . I t  
has t he s ame a l g o r i thm as F i g . 1 .1·. F i g . 1.3 i s  a 
subrou t ine wh i ch w i l l  be· cal l ed by t h e  p r o g ram i n  F i g . 1 . 2  
H'LTCJ r,1 c:�!::: 3 u .. ··� ,R) Sout:1 c- '.::;�3 f .J L'r::\'::rc:!IJ . BrooK,;,� :3D5-C 7-1C38 
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t o  f i nd t h e  s in and c o s  values w i th t h e  s ame ang l e . The 
8 0 8 7 and 8 0 8 8  i nstructi ons u s ed in F i g . 1 .2 wi l l  be 
d i scus s ed in Chapter Four . 
20 
80 
30 
1 0  
3 0  
2 0  
F I G . 1 . 1  
FORTRAN PROGRAM FOR THE DFT WITH TABLE LOOK UP 
DIMENSION X(128),Y(128),A(128),B(l28) 
N:O 
PRINT,' DATA BEFORE DFT' 
READ(5,*,END=80)X(I),Y(I) 
N= N+l 
GOTO 20 
CALL DFT(X,Y,A,B,N) 
PRINT,' DATA AFTER DFT' 
DO 30 I :t , N · 
PRINT,A(I),B(I) 
CONTINUE 
STOP 
END 
SUBROUTINE DFT(X,Y,A,B,N) 
D !MENS I ON X ( 1 ) , Y ( 1 ) , A ( 1 ) , B ( 1 ) , C ( 1 ) , S ( 1 ) 
P I : 3 . 1 4 1 5 9 2 6 
Q = 2 * P I / N 
DO 1 0 J : 1 , N 
C ( J ) : COS ( Q* ( J - 1 ) )  
S ( J ) : S I N ( Q* ( J - 1 ) )  
DO 2 0  J : l , N 
AT = X  ( 1 )  
BT =Y ( 1 )­
K: l 
DO 3 0  I = 2 , N  
K = K+ J - 1 
A ( J ) :AT 
B ( J ) = BT 
RETURN · 
END 
I F  ( K . GT . N )  K=K�N 
AT :AT +C ( K ) * K ( I ) + S ( K ) * Y ( I )  
B T = BT +C ( K ) * Y ( I)- S ( K ) * X ( I )  
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FIG. 1 .  2 
ASSEMBLY PROGRAM FOR THB DFT 
.8087 
.HODBL MBDIUH 
.CODB 
PUBLIC DFT 
DFT PROC FAR 
BXTRN GBTSC:NBAR 
JMP START 
ARRAYX DD 60 DUP(?) ;KBBP 6014 
ARRAYY DD 60 DUP(?) ;KEBP 6014 
ARRAY A DD 60 DUP(?) ;KEEP 6014 
ARRAYS DD 60 DUP(?) ;KBBP 6014 
ARRAYC DD 60 DUP(?) ;KBEP 6014 
ARRAYS DD 60 DUP(?) ;KBBP 60*4 
N DW 16 ;SAVE THB 
BYTES FOR ARRAY X 
BYTBS FOR ARRAY.Y 
BYTES FOR OUTPUT ARRAYA 
BYTBS FOR OUTPUT ARRAYS 
BYTBS FOR COS TABLB 
BYTES FOR SIN TABLE 
NO. OF ELB. HERB 
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PI TWO DD 6.283186 ;SAVB 21PI HBRE FOR LATB CALCULATION 
Q 
Nl 
A 
TBMP 
TEMPl 
FOUR 
AT 
BT 
K 
J 
Jl 
START : 
DD 0.3927 ;Q:PI2/N 
DD ? ;SAVB RBAL N HERB 
DD ? ;SAVB ANGBL HERB 
DW ? ;SAVE TEMPORARY RESULTS 
DD ? 
DW 4 ;KBBP CONSTANT FOUR 
DD ? 
DD ? -
DW ? 
DW ?· 
DW ? 
PUSH BP ;SAVB ORIGINA L BP 
HBRB 
MOV BP,SP ;SAVB CUR.RBNT sp·. INTO BP 
HOV BX,(BP] +14 ;GBT ADDR(N) 
HOV AX,(BX] ;SAVB_N INTO AX 
MOV N,AX . :SAVB N INTO N LOCATION 
FOR LATER 
FNINIT ;INITIALIZE RBGISTBRS OF 8087 
HOV CX,N ;SAVB N INTO CX 
HOV BX,(BP]+12 ; GBT· ADDR(ARRAYX) 
CAL. 
MOV II ,·4 
11: FLD DWORD PTR (BX] 
J'BTP DWORD PTR ARRAYX (81 1 
ADD 81,4 ;OBT OPPSBT PO NBXT. BLB. 
ADD BX,4 
DBC CX 
JNZ I1 
MOV CX ,.N ; OBT COUNTBR 
MDV BX,(BP]+lO; OBT ADDR(ARRAYY) 
MOV 81,4 
12 : FLD DWORD PTR (BX] 
DOlO: 
D020 :-
FSTP DWORD. PTR ARRAYY [SI] 
ADD 81,4 
ADD BX,4 
DBC CX 
JNZ 12 
FLD PITWO ;GET 2*PI ON TOS 
FILD N ;OBT THE VALUE OF N HERB 
FSTP DWORD PTR Nl ;POP INTO·Nl AS A RBAL 
FDIV Nl 
FSTP Q 
FLDZ 
FSTP A 
FWAIT 
HOV CX,AX 
HOV SI, 4 
CALL GBTSC 
ADD SI,4 
FLD Q 
FLD A 
FADD ST,ST(l) 
FSTP A 
DEC CX 
;FIND 2*PI/N IN TOS 
;POP IT INTO Q LOCATION 
;SAVE 0 INTO A 
;MAKE SURE 8 0 87 HAS DONE 
;MOV N INTO CX FOR. COUNTING 
JNZ DOlO ;NEXT LOOP 
HOV J,1 ;H6VE 1 TO J 
HOV Jl, 4 _ 
MOV AX·, N ; GET N 
PUSH AX ···;SAVE N ONTO STACK 
MOV �1,4 ;OBT OFFSET OF �RRAY 
FLD DWORD PTR ARRAYX [SI] ;GET X(l) 
FSTP DWORD PTR AT ;SAVE X(l) INTO AT 
FLD DWORD PTR ARRAYY [SI] ;GET YCll 
FSTP DWORD PTR BT ;SAVE IT INTO 3T 
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MOV K,l ;SAVE � INTO K 
; STARTING OF D030 
MOV SI,B 
MOV AX,N 
;SAVB 2 I NTO I 
0030: 
Bl: 
I PUSH AX 
HOV AX,K 
MOV BX,.J 
ADD AX,BX 
;SAVE N FOR LATBR COUNTING 
;OBT K 
SUB AX,l 
MOV K,AX 
MOV BX,N 
. CMP AX,BX 
JLB Bl 
MOV AX,K 
MOV BX,N 
SUB AX,BX_ 
MOV K,AX 
IMUL FOUR 
HOV BX,A.X 
;PBRPORM K+J-1 
;SAVK IT INTO X 
;OIT N IN BX 
;K.GT.N ? 
;GBT K IN AX 
;GBT N IN BX 
;K:K-N 
;SAVH NBW K INTO 
FNINIT ;RESTB 8087 
FLD DWORD PTR ARRAYC (BX] 
FLD DWORD PTR ARRAYX (SI] 
K 
FHUL ST,ST(l ) ;GET C(K)*X(I) ON TOS 
FLD DWORD PTR ARRAYS [BX] 
FLD DWORD PTR ARRAYY [SI] 
FMUL ST,ST(l ) 
FADD ST,ST(2) 
FLD DWORD PTR·AT 
FADD ST,ST(l) ;GBT NE W AT 
FSTP DWORD P�R AT ;SAVE IT INTO AT NOW 
FNINIT ;RBSBT 8087 COPROCESSOR 
FLD DWORD PTR ARRAYC (BX1 ; GE T C (K) 
FLD DWORD PTR ARRAYY (SI] ;GET Y(I) 
FHUL ST,ST(l ) 
FLD DWORD PTR ARRAYS ( BX] ; GET S (K ) · 
FLD DWORD PTR ARRAYX. (Sl.] ;GBT X( I) 
FHUL S1,ST(l) ;GBT S(K)*X(I) 
FSUB ST ( 2 )  , ST 
FLD DWORD PTR BT 
FADD ST, ST ( 3 .)  · 
FSTP. DWORD PTR BT ; POP TO BT 
POP ex 
DEC CX 
-JNZ PP 
;DONE THE LOOP 0030? 
;00 TO PP IF NO 
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NOV AX,J1 
MOV DI,AX 
.LD DWORD PTR AT ;OBT AT 
,S�P DWORD PTR ARRAYA (DI) 
FLD DWORD PTR BT ;OBT BT 
PSTP DWORD PTR ARRAYB (DI) 
POP ex 
DBC ex ;DONB D020 ?. 
JNZ PPl ;NO, 00 TO PPl 
JH P O UTPUT 
PP: PUSH.CX ;SAVE CHANGED N BACK STACK 
ADD SI,4 ;INCREMENT SI 
JHP 0030 ;GO BACK D030 LOOP 
PPl: PUSH CX ;SAVB NBW COUNTER BACK TO STACK 
MOV AX,J 
ADD AX, 1 
HOY J,AX 
MOV AX,Jl 
ADD AX ,4 
MOV Jl,AX 
JH P D020 ;GO BACK TO 0020 
OUTPUT: HOV 81,4 ;GBT THB STARTING ADDR. OF ARRAY· 
MOV BX,(BP]+6;GBT ADDR(ARRAYB) 
HOV DI,[BP]+8;GET ADDR(ARRAYA) 
HOV CX,N ;GBT THB COUNTER 
AGAIN: FLO DWORD PTR ARRAYS (Sl] -
FS TP DWORD PTR (BX] 
FLD DWQRD PTR ARRAYA (SI];OUTPUT ARRAY A 
FSTP DWORD PTR [DI) 
ADD 81,4 
ADD DI,4 
ADD BX,4 
DBC ex ;DONE ALL BL.E� 
JNZ AGAIN ;NO, 00 TO AGAIN 
POP BP 
RBT 10 
DFT BNDP 
BND 
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Fig. 1. 3 
ASSEMBLY SIN AND COS SUBROUTINE 
.808'7 
.MOD8L MEDIUM 
.CODI 
GBTSC 
STATUS_WORD 
SION_STORB 
MINUS2 
SIGNAL 
Pl2 
RBALLY_COS 
s 
c 
START: 
LOOPl: 
NON_NBGATIVE: 
RANGE: 
PUBLIC OITSC 
PROC NBAR 
JMP .START 
DW ? 
DB ? 
DW -2 
DW ? 
DD. 1. 57079632 7 
DB ? 
DD ? 
DD ? 
PUSH AX 
PUSH BX 
MOV SIGNAL,l ; SE T SIGNAL . 
FLD DWORD PTR A 
MOV SIGN_STORB,O ;ASSUME POSITIVE 
FTST ;TBST STACK TOP 
FSTSW STATUS_WORD ;GBT STATUS WORD 
FWAIT 
HOV AH,BYTE PTR ·sTATUS_WORD+l 
SAHF ; SBT STATUS BIT .. 
JNC NON_NEGATIVB ;JMP IF CF : 0  
HOV SIGN_STORB,-l;ITS NBGTIV� 
FABS ;CHANGE TO POSITIVE, 
MOV REALLY_COS,O ;SIN ,NOT �OS 
FILD HINUS2 ; _LO AD MINUS IN�EGER 
·FLDPI ;LOAD PI 
FSCALB 
FSTP··ST�·l) ;DUMP - 2  
FXCH .. 
FPREH ;FIND PARTIAL REMAINDER 
FSTSW STATUS_WOt�D 
F WA I T 
HOV AH, BYTE PTR STATUS_WORD+l 
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NOC3: 
NOCl: 
DOSINB: 
SINFUNC: 
COOFF: 
;DUMP ST P8TP ST 
PLDZ 
.LD1 
;RKAD RATIO 0 TO 1 
MOV BX,O ;ASSUMB C3 OFF 
TBST AH,OlOOOOOOB 
JZ NOC3 ; JUMP IF OFF 
MOV BX,l ;NOTB C3 ON 
TBST AH,lOB 
JZ NOCl ;JUMP IF OFF 
XOR BX,l 
JHP DOSINB 
XOR BX,O 
CMP BX,l 
JNB SINFUNC 
FXCH 
FMUL ST(O) ,ST(O) 
FLD ST(l) 
FMUL ST(O),ST(O) 
FADDP ST(l),ST(O) 
FSQRT 
FDIVP ST(l),ST (O) 
TEST AH, lB 
JZ COOFF 
NOT SIGN_STORB 
;ST(O)=Y*Y 
;ST(O):X 
;ST(O):XaX 
;ST(O):X*X+Y*Y 
; DO WB NEBD CHANGE SIGN ? 
POS: 
S AVBSI N : 
CHP SIG N_STORB,O 
JB POS 
FCHS 
CMP SI ONAL,l 
JZ SAVBSIN 
FST QWORD. PTR C 
JHP ALLDONE 
FST QWORD PTR S 
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NOCARRY: 
ITS_SINB: 
NOT_ZBRO: 
STOANDCl: 
CliSOFF: 
STOANDNOC 1 : 
-
a Alii' 
JP RANOB ;THIS TESTS BIT C2 
CMP 8BALLY_008,0 
J8 IT8_8INB 
XOR AH,OlOOOOOOB 
TBST AH,OlOOOOOOB 
JNZ NOCARRY 
XOR AH,lB 
PTST 
PSTSW STATUS_WORD 
JPWAIT 
HOV BX,O 
AND BYTB PTR STATUS_WORD+l,OlOOOOOlB 
CHP BYTB PTR STATUS_�ORD+l,OlOOOOOlB 
JNB NOT_ZBRO 
HOY BX,-1 
TBST AH,lOB 
JZ CliSOFF 
;IS Cl ON 
;JUHP IF OFF 
CHP BX10 ;ST BXACTLY .ZBRO 
JNB STOANDCl ; JUMP IF YBS 
FSUBP ST(l),ST ;NOW PI/4-ST 
FPTAN 
JHP SINDONB 
FSTP ST . POP ST ' 
FSTP ST ; AND PI/4 
FLDl· ;LOAD RATIO 1 TO 1 
FLDl 
JHP.SINDONB 
�STP ST(l) ;GET RID OF PI/4 
CMP BX, 0 . .  ; ST EXACTLY ZERO ? . 
JNB STOANDNOCl ; JMP I.F .YES 
. FPTAN 
JMP SIN.DONB 
22 
; J'IND COSINB 
ALLDONB: 
GETSC 
J'LD PIZ 
PLD A 
PSUBP IT( 1), ST 
MOV SIGNAL,O 
JHP LOOPl 
POP BX 
POP AX 
RBT 
BNDP 
BND 
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; OB T PI/2 
;OBT THB ANGBL 
;OBT PI/2 - A ON TOS 
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Chaper Two · 
Fast Four i e r  Trans forms 
From the di scuss ion of the DFT o f Chapte r  one , 
the d i rect computat ion o f  a s i ng l e  va lue or e l ement o f  
X(K) r equ i re s 4N r e a l  mul t i pl i ca t i on s  and (4N-2) real 
addi t ions . S i nce X(K) mus t  be c ompu ted f o r  N d i f fe rent 
val ue s of K, the d i rect computa t i on o f  t h e  DFT o f  a 
s e quenc e x ( n )  requ i res 4N
2 
real mul t i pl i ca t i ons and N ( 4N-
2) real add i t i on s  o r , a l ternat i ve l y , comp lex 
mul t i pl i cat i on s  and addi t i ons . The i mp l ementat i on o f  the 
compu ta t i on of the DFT on a gene ral - purpo s e  d i g i tal 
compu t e r  o r  a s ys tem w i th s pec i a l  hardwar e  requ i res 
prov i s i on f o r  s to r ing and acce s s i ng -t h e  i npu t s equence 
-
val ues x ( n )  and the values o f  the c o e ff i c i en t s  W
kn
. _  S i nce 
the amount of acce s s i ng and s t o r i ng of dat a  i n  nume r i c a l  
c omputa t i on a l g o r i thms i s  gene ral l y  propo r t�ohal to the 
numbe r of a r i thme t i c  operat i ons , i t  i s  �ener ally �cc ep t�d 
that a mean i ng ful.  measure �� comp l ex i t y , o r-, o f  the t i me 
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requ i red t o  i mpl ement a c omputa t i onal a l g o r i thm , i s  the 
numbe r of mul t i pl i ca t i on s  and add i t i on s  r equ i red . Thus , 
. 
for the d i r ec t  calculat i on o f  the D FT , a c onven i ent 
measure of the e f f i c i en c y  o f  the c ompu tat i on is t h e  fac t 
that 
2 
4 N  real mul t i pl i cat i ons and N ( 4 N- 2 ) real add i t i o ns 
are requ i r ed . S i nce the amount of c omputa t i on , and thus 
2 
the compu t a t i on t i me , i s  approximate l y  propo r t i onal to N , 
it i s  e v i de n t  that the �umber o f  a r i t hme t i c  ope rat i ons 
requ i red t o  c ompu t e  the DFT by t h e  d i r ect method bec ome s 
very larg e  f o r  large val ue s  o f  N .  F o r  th i s  rea s o n , 
computa t i ona! procedu r e s ·' that reduc e the number o f  
mul t i p l i ca t i on s  and 
i nt e r e s t .  
add i t i ons are o f  cons i de r a b l e  
Coo l ey and Tukey pub l i s hed the i r  a l g o ri t hm fo r 
the c ompu ta t i on o f  the D FT that i s  app l i c ab l e  wh en N i s  
c ompo s i t e numbe r ;  i . e ,  N i s  the product o f  two o r  more 
i ntegers . The p r i nc i pl e  of · the � l g o r i thm i s  mo s t  
conven i en t l y  i l l u s trate4 by cons ide ra i ng ·the s pec i a l c as e  
o f  N a n  i n t e g e r  powe r o f  two ; i . e ,  
M 
N = 2 • Th i s  a l g o r i t hm 
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resul ted i n  the d i s covery o f  a numbe r o f  c omputat i onal 
a l go r i thms wh i ch have c ome t o  be known as FFTs . I n  1 97 5 , 
s. W i no g r ad pub l i s h ed h i s  theory f o r  e ff i c i en t  c a l c u l at i on 
o f  P r i m e - Leng th c yc l i c c onvo l u t i on-u s i ng a m i n i mum number 
o f  mul t i p l i ca t i on s . The mos t  i mportant part of the theory 
i s  Mul t id imen s i onal I ndex Mappi ng . The C o o l ey-Tukey 
algo r i t hm can a l s o  be deve loped by th i s  theory i ns tead o f  
obt a i n i ng the a l g o r i thm from the ma t r i x  cal6ula t i on, 
W i nog rad ' s  F FT w i l l  be als o i n t roduc ed i n  t h i s  chapt e r . 
The key to t h e s e  me thods l i e s  i n  the i r  explo i ta t i on o f  the 
po s s i b l i t i e s  for fac t o r i ng the number of valu e s  o f · the 
s e r i e s t o  be t rans f o rmed . They decompos e  the c omputat i on 
o f  t h e  D FT o f  a s e quence o f  length N i n t o  succes s i ve l y  
sma l le r  DFT s . The manner in wh i ch . t h i s  pr i nc i pl� i s  
imp l emen t ed l e ads t o  a number o f  di f fe�ent algorith�s , a l l 
w i th c ompa rable i mprovemen ts i n  c omput at i ona l s pe ed . 
2.1 The C o o ley-Tukey Algo r i thm 
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2 . 1 . 1  Mul t i d imen s i onal I ndex Mappi ng 
I ndex mapp i ng i s  one o f  the mo s t  prac t i ca l  
met h ods o f  r educ ing the ari thme t i c  nec e s s ar y  t o  c a l c u l a t e  
the DFT . The bas i c i dea o f  th i s  mapp ing i s  to decompo s e  a 
one d i mens i onal probl em i n to a mul t i - d i mens i ona l  one . 
Apparent l y , _ i f  the l ength o f  da ta s equence i s  
not pr i me , N can be fac t o r ed a s  N=N
1
N
2 
w i�h the t i me i nde x 
n o f  ( 1 . 3 )  t ak i ng on val u e s  o f  
n = 0 , 1 , 2 , � ,  . . .  , N - 1  - - - - - - - - - ( 2 . 1 )  
Two new i ndependent var i ab l es are de f i ned h e r e  as the 
fo l l ow i ng , 
n
1 
= 0 , 1 , 2 ,  . . .  , N  - 1  
- 1 
---�----- ( 2 . 2 )  
and the c o mp l e t e l y  g ene ral l i near equati on wh i 6 h  maps 
and n2 to n i s  g i ven by 
n 
1 
- - - - - - - - - ( 2 . • 3) 
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Th i s  de f i ne s  a r e l a t i on be tween a l l  a l l owed n
1 
and n
2 
i n  
( 2 . 1 )  and a val ue f o r  n .  The subs c r i pt N here means the 
modu l ar o f  N .  I t  has been proved i n  [6 ] that a pa i r  k' 
i 
always ex i s t s  s uc h  that the map i n  ( 2 . 3 )  i s  s i n g le value . 
A n o t a t i on i n  th i s  chap t e r  w i l l  be us ed , 
( N , M )  =L 
I t  means that the g reate s t  common d i v i s o r  o f  two numbe rs M 
and N i s  L. 
Case 1 .re la t i ve ly pr ime , 
·The i n t eg e r  map o f  ( 2 . 3 )  i s  un i que i f  and o�ly i f  t h e  
f o l l o w i ng i s  t ru e : 
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where a , b  a r e  i n tegers . 
Case 2 :  N
1 
and N
2 
are not relat i v e ly p r i me , 
The map o f  (2 .3) i s  cal l ed a pr ime fac t o r  Map(PFM ) wh en 
The map o f  (2 .3) is cal l ed a common fac t o r  map(C FM ) when 
C FM : K
1 
= aN
2 
or K
2 
= bN
1
, but no t bo t h  
2 . 1 . 2  The C o o ley-Tuk e y  F F T  Algo r i thm 
The C o o ley-Tukey FFT us e s  t h e  C FM on bo th the , 
t i me and f r equency i ndex o f  ( 2 . 3 ) , 
k = <K
3
k
1 
+ K k > 
4 2 N 
- - - - - - - - - - ( 2 . 4 ) 
w i t h cond i t i on s  o f  CFM : i . . e . , 
3 0  
Next , the s e  maps are app l i ed t o  the de f i n i t i on s  o f  the DFT 
by de f i n i ng the two dimen s i onal arrays for the i nput da t'a 
and i t s DFT as 
x(n
1
, n
2
} = x(K
1
n
1
+K
2
n
2
) 
X(k
1
, k
2
) = X(K
3
k
1
+K
4
k
2
) 
- - - - - - - - ( 2 . 5 )  
An examp l e  o f  the C FM us ed in the Coo l ey- Tuk e y  rad i x - 4 F FT 
for a l en g th - 1 6  DFT i s  
N = 1 6  = 4 2 
n = 4 n
1 
+ n
2 
k = k
l 
+ 4� 2 
The r e s u l t i ng arrays o f  i nd i c e s  are 
n = 
2 
k = 
2 
0 
1 
2 
3 
0 1 
0 4 
1 5 
2 6 
3 7 
n
1 
2 3 
8 12 
9 13 = n 
10 14 
11 15 
= k 
The subs t i tu t i on o f  thes e changes o f  var i ab l e s  i nt o  t h e  
de f i n i t i on o f  t h e  OFT given in (1. 3 )  res u l t  i n· 
N1-1 
L X W
K1K3n1k1 WK1K4n1k2 wK2K3n�k, WK2K4n-z&2 n, -o 
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k. can be c h o s e n  i n  such a way that . t h e  cal c u l a t i on s  are 1. 
unc oup l ed and t h e  .ar i thme t i c  ope rat i on i s  reduced . The 
requ i reme n t s  fo r th i s  ar� 
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-------- (2 .7) 
I n  o rde r that each s h o r t  sum be a s h o r t  DFT , t h e  f o l l ow i ng 
mus t  al s o  h o l d : 
the s impl e s t  s e t  o f  c oe f f i c i en t s  that me e t s  a l l these 
requ i r emen ts are 
a=d=k = k  = 1  2 3 
S o  the i ndex maps become 
and use ( 2 . 6 ) , ( 2 . 7 ) 
-------- (2.8) 
where W
N 
= exp(-j2n/ N ) , 
The cho i c e  
calcu l at i ons s i nce the 
o f  the k.unc oupl e s  
1 
f i rs t  s um o v e r  for 
3 3  
the 
n = 0  
2 
calcu l a t e s  the DFT o f  the f i r s t  row o f  t h e  data array 
x ( n
1
, n
2
) ,  and t h o s e  data values are never n eeded i n  the 
succeed i ng c a l c u l at i ons . Both the row and the c o l umn 
calcul a t i on s  are i ndependen t . 
I f  one define s  
and 
then the c alc u l a t i o�-of the OFT is complete w i th 
-------- '· 2 .  9) 
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The mo s t  c ommo n  and mo s t  e f f i c i ent f o rms o f  the F FT us e 
a l l  d i men s i ons o f  the s ame l ength . Th i s  i s  c a l l ed the 
rad i x  of the a l g o r i thm . The DFT of the l en g t h  N i s  thus 
related to the r ad i x  R by 
wh i ch g i ve s  M d i mens i ons , each of l ength R .  Th e short 
l ength -R DFTs fo r R = 2 and 4 requ i re n o  mu l t i pl i ca t i ons , 
and tho s e  f o r  8 and 1 6  requ i re s  very few . F o r  a rad ix 2 
s o  · the i ndex maps become 
and 
n = ( N / 2 ) n
1
+ n
2 
k = k  + 2 k 
1 2 
1 
f(k1,n2) = L 
"1 
cQ 
-------- ( 2. 1 0") 
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- - - - - - - - ( 2 . 1 1 )  
The FORTRAN s ta t emen t s  f o r  th i s  calcul a t i on c o u l d  be : 
T : X ( 1 ) +X ( 2 )  
X ( 2 ) : X ( 1 ) -X ( 2 )  
X ( 1 )  :T 
T :Y ( 1 ) + .Y( 2 )  
Y ( 2 ) :Y ( 1 ) -Y ( 2 )  
Y ( l ) :T 
- - - - - - - - ( 2 . 12 )  
The calcu l a t i on s  f o r  X are the same . as ( 2 . 1 2 ) . The rea l 
part s  
saved 
Fi g .  
are saved i n  array X and the 
i n  arra y  Y .  The f l owgraph 
2 .  1 .  
i mag i na r y  
fo r N = 2  
3 
i s  
. . 
pa r t s  a r e  
g i ven in 
From Fi g . 2 . 1 ,  ·. i t  i s  seen t h a t  C FM a l l ows the 
i n t e rmed i a t e  r e s u l t s to be wr i t t en back o v e r  the o r i g i na l  
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data in s uch a way that , a f t e r  a l l the c a l c u l a t i ons are 
f i n i shed , the DFT w i l l  be in the a rray o r i g i na l l y  occup i ed 
by the i nput data s equenc e . Separate I /0 a r rays are then 
no t r e qu i red , thus a l l ow i ng a subs t ant i a l  s av i ng o f  
memo ry . 
Un f o r t unat e l y , t h e  us e o f  I n -Place c a l cu l a t i ons 
caus e s  the o rder of the DFT terms t o  be pe rmu t ed and the 
o r i g i na l  i npu t  da ta are de s t royed . A proc edu r e  c a l l ed b i t  
rever s a l  t o  reo rde r the s e quence i s  nec e s s ar y  i n  an FFT . 
I n-place c a l c u l a t i o n o f  the t ran s form e l eme n t s . i s  o f  s ome 
i nt e re s t  in s ys t ems w i th v e ry s ma l l  memo r i e s , wh i ch was 
the cas e  i n  the ' 6 0 s  and ear l y  ' 7 0 s , but memo ry is c h eap 
t oday s o  that s epara t e  arrays f o r  inpu t  and output , wh i c h  
doe s n '
.
t de s t ro y  t h e  i npu t -da ta , i s  general l y  mo re u s e f ul . 
I f  there are N comp l ex data po i n t s , the i npu t n�eds 1 6 N 
bytes ( doub l e  prec i s i on ) , the output n��ds 1 6 N b y t e s J 
and the S I N  t ab l e  calcu l a t i on rieeds . 8N byt e s . F o r  a 1 0 2 4 - . 
po in t  tran s f o rm , th i s  i s  s t i � l  o n l y aro und - 4 0  K b y t e s . 
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2 . 2  The W i nosrad FFT Also r i thm 
The W i nograd Algor i thm was i n t r oduced by 
Wi nograd in 1 9 76 .  Th i s  algor i thm u s e s  the PFM f o r  
i ndex i ng . The i dea i s  t o  ope rate on t h e  l en g t h - N  i npu t  
data vec t o r  by s i mp l e  add i t i ons t o  f o rm a s e t  o f  M 
i n te rmedi at e  var i ab l es whe re , i n  g en e ra l , M > N .  The s e  
i nterm i d i at e  var i ab l e s - are mul t i pl i ed b y  c o n s tan t s  wh i c h 
are der i ved from a comb i na t i on o f  the r eal and i mag i na ry 
parts o f  W i n  t h e  DFT . The s e  M produc t s  a r e  then c omb i n ed 
w i th s imp l e  add i t i ons t o  g i ve the N va l ue s  o f · the D F T . 
From t h i s  po i n t , WFTA uses s ubs t an t i a l l y fewe r 
mul t i p l i cat i ons than the Coo l e y-Tukey FFT , btit a t  t he 
expense of mo r e  add i t i on s . The i ndex mapp i ng is as 
fo l l ows : 
N 2 - 1 N 1 - 1  
X(k , , k2 )  = 2: . 2: 
n2 · o  n 1  - o 
I n  the exec u t i on o f  a WFTA , - a _ var i ab l e  ·woti l d  n o t  fir s t  be 
mul t i p l i ed by one cons tant and then by ano t h e r  in t he 
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c ent e r  two s tag e s . I ns tead , the two mul t i p l i c a t i on s tag es 
I 
would be premu l t i pl i ed i nto one s tage o f  c ons tan t s  by 
wh ich the var i ab l es then are mul t i pl i ed .  Th i s  mov i ng o f  
th e mul t i p l i cat i ons together i n  the c en t r e  o f  the 
a l g o r i thm i s  r e spons i b1 e  for the sma l l numb e r  o f  
mul t i pl i c a t i on s  i n  the WFTA . 
The FORTRAN - program to calcu l a t e  a WFTA can be 
found i n  [ 2 ] . F r om the prog ram , i t  i s  o bv i o u s  that the 
numbe r o f  add i t i on s  has been i nc r ea s ed bu t the 
mu l t i pl i cat i o n s  are very few . I f  the prog ram i s  executed 
by a sys t em 
mul t i p l i c a t i on , 
wh i ch has no hardwar e  t o  pe r fo rm 
the algo r i thm i s  very e f f i c i en t , b u t  my 
targ e t  s ys t em has 8 0 8 7  ma th coproc e s s o r s  wh i c h  have bo th 
mul t i p l i c a t i on and d i v i s i on i ns t ruc t i on s , s o  th i s  
algo r i thm w i l l  n o t  b e  s o  re l at i ve l y  e f f i c i en t . Al s o , t h e 
WFTA prog r am i s  l o n ge r , needs mo re ar rays , and i s  mo re 
comp l i cated when c ompared w i th the C o o le y- Tu k e y  FFT . I t  
a l s o  needs mo r e  pa s s es th r otigh the DO l oops and mo r e  index 
cal c u l a t i on s . On my target mi cro vec t o r  s y s tem , there are 
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l i m i t ed memory l ocat i ons . For al l these reas ons , the WFTA 
algo r i thm w i l l  be l e s s  s u i l tabl e  than the C oo l ey-Tuke y  
FFT . 
2 . 3  A FORTRAN Prosram for the C o o l ey-Tukey FFT 
F i gure 2 . 2  is a FORTRAN s ub r out i ne wh i ch 
pe r f o rms the Rad i x - 2  Coo l ey- Tukey FFT . The subrou t i n e  has 
ac tua l l y  two par t s ; the f i rs t  part i s  t o  c a l c u l a t e  an FFT 
and the s ec ond par t  is to do bit reve r s a l . I n  the f i r s t  
part , t h e  o u t e r  l o o p  ( DO l O  l o op ) s t eps t h rough the M 
t i me s . The next l oop ( the D0 2 0  l oop ) s t eps t h rough the N
2 
leng th - 2  DFTs . The i nner l oop ( the 00 3 0  l o op ) s t e p s  
through the c o l umn s . I ns i de the 00 3 0  l oo p , the · f i r s t  
s tatemen t  i s  an addre s s · o f f s e t  that i s  par t  o f  the i ndex 
map . The next four s ta t emen t s  are the l en s th - 2  OFT � 
Th i s  prog ram i s  very . s i m i l ar t o· mo s t  o,f the F FT . 
programs b e i ng u s ed i n  prac t i ca l . Becau s e  
M 
N = 2 , t h e r e  are 
4 0  
M= LOG
2
N s tage s . I t  i s  eas y t o  s e l ec t  s om e  s ampl e  numbers 
to t rac e t�e p r o gram and one f i nds that each s tage has · 
appr ox i mate l y  N / 2  mul t i pl i cat i ons . Th i s  l eads t o  the next 
formula wh i ch c an eas i l y be found , 
Comp l � x  Mu l t i p l i cat i ons : ( l / 2 ) N  LOG
2
N 
An i mproved C o o l ey-Tukey FFT program w i l l  b e  de s c r i bed i n  
Chapter Four . I n  that program , t h e  s i n  . and c o s  tabl e s  are 
prec a l cu l a ted be fore the D02 0  loop . Onl y  the s i n  func t i o n 
i s  calcul ated and COS w i l l  be found by proper · i ndex and 
s i gn man i pu l at i on . Al s o , the i nput da ta w i l l  n o t  be 
de s t ro yed by means of us i ng add i t i onal two a r rays f o r  
sav i ng ou tput dat a . 
x (k )  
F i gure 2 . 1 
8 -po i nt s , rad i x- 2 ,  i n-plac e  FFT 
x l 
x2 
x l 
•• 
x s 
N•2*4 
n• 4 *n 1 
k• kl + 
kl • 0 
0 0 
-l 2 
2 ' ' 4 
3 6 
n a 0 1 
�1Th, 2 6 • . n · 
3 3 '7 
4 1  
xo 
x 4  
x 2 
·X6 
X (k )  
x l 
x s 
F i gure 2. 2 
FORTRAN program for a Coo l e y-Tuke y  Rad i x - 2  FFT 
� U BROUT I N E F FT C X , Y , N , M )  
R�AL X ( 1 ) , Y ( 1 ) 
N 2 = N  
DO 1 0  1\ : l , M  
N l : N 2 
N 2 : N 2 / 2  
E : 6 . 2 8 3 1 8 5 3 0 i l 7 9 5 8 6 / N l 
,, = 0 .  0 
DO 2 0  J : l , N 2 
C : C OS C A I  
S : S I N C A I  
A : J  *·E 
DO 3 0  I : J , N , N l 
L = l + N 2  
X T : X ( I ) - X ( L ) 
X C i l = X C l ) + X C L l  
Y T : Y ( I ) - \' ( L )  
Y C  1 ) : Y (  I ) + Y ( L )  
X ( L ) : C * XT+ S * YT 
Y ( L ) : C * YT - S t X T 
3 0  CON T l N U E  
2 0  C O N T I N U E  
1 0  CO N T I N U E  
1 00 J = l 
N l : N - 1 
1 0 1  
1 0 2 
1 0 3 
1 04 
DO 1 04 I : 1 , N 1 
I F  C l . G E . J ) GO TO 1 0 1 . 
X T : X ( J ) 
X f J ) : X f l )  
X C I ) : X T  
X T : Y ( J )  
Y ( J ) : Y ( l )  
Y 1 l ) : X T  
K = N / 2  
I F  ( K . GE � J ) GO TO 1 03 · 
J : J - K 
K = K / 2  
GO TO 1 02 
J : J + K 
CONT I N U E  
R ETUR N 
E N D  
4 2  
4 3  
Chap t e r  Three 
Vec t o r  Proce s s o r  and Para l l e l  Proc e s s i ng 
A vec t o r  sys t em has mul t i p l e  pro c e s s o r s wh i c h  
al l ow t h e  mach i ne to proc e s s  a numbe r o f  data e l ements i n  
paral l e l . The Vec t o r  proc e s s o r  dev e l oped b y  D r . M i ron has 
a general purpo s e  proc e s s o r  wh i c h  is an I nt e l  8 0 8 8 , a 
vec t o r  c o n t r o l l er and a numbe r o f  I n t e l  8 0 8 7  
coproce s s o r s . The arch i tec ture o f  the s ys t em i s  s h own i n  
F i g . 3 . 1 .  The vec t o r  cont ro l l e r i s  des i gned t o  c oo rd i na t e  
the ac t i v i t i e s o f  the math pro c e s s o r s . 
ope rat i o ns a r e  done i n  the math coproce s s o r s . 
The vec t o r  
b y  l oad i ng 
the da t a  e l eme n t s  s equent i a l l y  i n t o  the ma th co proce s s o r s  
and execut i ng an 8 0 8 7  i n s t ruc t i on i n  paral l e l . Para l l e l , 
Scalar and S e qu en t i al are the three operat i ng mode s o f  ·the 
vec tor proc e s s o r . The s e  modes are c o n t r o l l ed b y  the vec t o r  
contro l l e r  wh i c h  recogn i z e s  t h e  vec t o r  i ns t ruc t i ons . When 
there is no i ns t ruc t i on i nvo l v i ng vec t o r  quan t� t i e s , the 
s ys tem is i n  scalar mode and . the vec t o r  c o n t ro l l e �  w i l l  
have one o f  the 8 0 8 7 s  connec ted t o  the g en e r a l  proc e s s o r  
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as a c onven t i onal I BM-PC s ys t em . 
3 . 1 The Vec t o r  Cont r o l l e r  
The t h r e e  ma i n  func t i ona l un i ts f o rm i ng th e 
vec to r  c o n t ro l l er ( VC )  are : 
1 )  Vec to r I n s t ruc t i ons dec ode r 
I t  decode s a vec t o r  i n s truc t i o n and tak e s  
appr op r i a t e  ac t i on s . 
2 )  S equen t i a l  LOAD / S TORE Con t ro l 
The e f f ec t o f  the ac t i o ns o f  1 )  i s  t o  l o ad 
the e l emen t s  o f  th e requ i red vec t o r s  s e que n t i a l l y  f rom 
Memo ry i n t o  each ma th coproc e s s o r , o r  o f f e r  t h e  r equ i red 
ope r a t i ons i n  par a l l e l , w r i te the re s u l t s  o u t  s equ e n t i a l l y  
to memo r y . 
3 ) Pa r a l l e l  Execu t i on Cont r o l  
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3 . 1 . 1  S c a l a r  and Vec t o r  Mode s 
The VC perm i t s  a programm e r  t o  e n t e r  a vec t o r  
mode o r  r e t u rn t o  s c a l a r  mode through vec t o r  i ns t ruc t i on s . 
The vec t o r  i n s truc t i on s  are i n t e rm i xed w i t h  the 8 0 8 8  C PU 
and 8 0 8 7  c op r oc e s s o r  i n s t ruc t i ons . The VC i gn o r e s . the CPU 
and t h e  8 0 8 7  i ns truc t i ons b u t  dec ode s t h e  vec t o r  
i n s t ruc t i on s  and tak e s  nec es sary ac t i on s  depend i ng o n  the 
type of i n s t ruc t i on . The vec t o r  proc e s s o r  in t h e  s ys t em 
has two bas i c  modes of ope rat i on : 
1 )  the s c a l a r  mode , and 
2 )  the vec t o r  mode 
I n  the scal a� mode , the . VC deact i va t e s  al l the 
8 0 8 7 s , except the f i r s t  one . Th i s  s i n g l e  8 0 8 7  operates i n  
para l l e l  w i th the � 0 8 8  CPU . Th i s  i s  t h e  n o rma l . mode o t · 
operat i on o f  the s y s t em � i th�ut the i n t e rv e n t i on o f  the 
VC . Eve r y  t i me there is a JUMP i n s t ruc t i o n in the pr o g r am , 
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the VC dec odes the next ins t ruc t i on . The JUMP i n s t ruc t i on 
c l ears the CPU i n s t ruc t i on queue in o rde r t o  p r o v i de the 
s i gnal t o  the VC t o  exam i ne the next bus b yt e , t o  s e e  i f  
i t  i s  a vec t o r  i ns t r uc t i on . I f  the target i ns t r uc t i on i s  a 
vec t o r  i n s t ruc t i on t h en the VC c�uses the s ys t em t o  enter 
the requ e s ted mode , o th e rwi s e  the VC i gn o r e s  the 
i ns t ruc t i on . We no te from the abo ve s ta t em e n t s  that 
wheneve r  a vec t o r  i n s t ruc t i on i s  t o  be i nc l uded in the 
prog ram , the vec t o r  i ns t ruc t i on mu s t  be t h e  t a r g e t  o f  a 
JUMP i n s t ruc t i on . 
3 . 2  Vec to r i z a t i on o f  A Scalar Program 
The s ta r t i ng po i n t o f  vec t o r i z i n g  a s c a l a r  i s  t o  
s tudy the d a t a  dependences i n  a FORTRAN p r o g r �m . · M y  
i n tent i on i s  to app l y  th i s  s tudy t o  t h e  pa ra l l e l  
proce s s i n g  o f  the FFT. Both the sca l ar and vec t o r i z ed 
prog rams w i l l  b e  g i ven and d i scus B ed i n  C h apt e r  F o tir .  · 
Many pro g rams wr i t ten fo r c ompu t e r  s ys t em s  
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cont a i n  var i e t i e s o f  l oops , and n e s t s  o f  l oo p s , f o r  
pe r f o rm i ng repet i t i ve ope rat i ons o n  s equence s  o f  data . The 
Coo l ey-Tukey FFT s tated in Chapter Two was c ompo s ed o f  
three l oo p s , i n  the f i r s t  par t , wh i ch w e r e  n e s ted . The s e  
prog rams d i rec t that operat i on s  b e  done i n  a we l l -de f i ned 
o rde r . B ecaus e scalar mach i ne s  have h i s t or i ca l l y  been the 
mo s t  w i de l y  ava i l ab l e  type of mac h i ne s , t h e  o rde r i s  one 
that is r �ad i l y  executab l e  on a s d a l ar s ys � e m . On a vec t o r  
s ys t em , however , whe re succes s i ve e l emen t s  i n  t h e  o rde r 
a re proc e s s ed i n  para l l e l , th i s  very s ame o rde r may n o t  be 
val i d . The r e  may e x i s t  other o rders in wh i ch the e l emen t s  
m a y  be p r oc e s s ed correc t l y , but t h e  anal ys i s  i s  requ i red 
to d i s c o v e r  b o t h  the va l i d orde rs and t h e  par t s  o f  the 
program for wh i c h the vec tor mach i ne ma y b e  u s ed . Th i s  
ana l ys i s  and i ts resu l t  i s  commo n l y  known · as 
vec t o r i z a t i o n . My a i m  i n  th i s  thes i s  pap e r  i s  to beg i n  
w i th a prog ram wr i t t en f o r  a sca l ar s ys t em ' wh i c h i s  
wr i t t en f o r  c onven t i ona l I BM- PC or I BM 4 3 8 1  ma i n  f rame and 
then vec t o r i z e the a l g o r � thm to make i t  exec u t e  on a 
mu l t i -proc e s s o r  s ys t em . 
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Gen e ral l y  s peak i ng , t h e  s t ep s  t o  vec to r i z e a 
program are , 
1 .  To i dent i fy as many as p o s s i b l e  o f  the 
source prog ram s ta t ement s  wh i ch may be vec t o r i z ed . 
2 .  To i den t i fy wh i c h  o f  t h e  l o o ps s u r r o und i ng 
the s e  s t at emen t s  may be used to vec to r i z e  them . 
3 .  Use prope r  vec t o r  i n s t ruc t i on s  t o  prog ram 
the wh o l e  o r  par t  of the prog ram . 
-
4 .  To l eave the rest o f  the prog ram und i s turbed 
i n  a h i gh l y  opt i m i z ed scal ar ob j ec t  c ode . 
3 . 2 . 1 Program Dependenc e 
The vec t o r i �at f on i s  bas ed upon the prog ram 
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dependenc e theory . I n  g eneral , a s ta t ement i n  a n e s t  o f  
DO- l oops may b e  vector i z ed i f  i t  doe s  n o t  r e qu i r e , a s  an 
i nput on one i te r a t i on of a l oop , 
an ear l i e r  i te rat i on o f  the l oop . 
a va l ue i t  c omputed o n  
When a v a l u e  comput ed 
i n  one i t erat i on o f  a DO- l oop i s  n o t  u s ed i n  a l a t e r  
i t erat i on , 
paral l e l . 
a l l  o f  the data val ues can be c omputed i n  
Th i s  i ndependence o f  data val u e s  f r om one DO-
l oo p  i t e ra t i on to the next is a key fac t o r  i n  al l ow i n g  
execut i on o f  t h e  s tatement on a vec t o r  mac h i ne . 
3 . 2 . 2  Data D e pe ndenc e 
The dependenc e that ma y ar i � e when two 
s tatemen t s  r e f e rencie the same s t orag e l oc a t i o n i s  c a l Led 
da ta dependenc e . Data dependenc i e s ar i s e  i n  one o f  three 
ways : 
1 .  A s ta t ement T dep��ds upon a s ta t eme�t S. wh en 
S de f i nes a value and T re ferenc e s  i t . Th i s  i s _ ca l l ed t r u e  
dependenc e .  
S :  X = 
T :  = X  
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C l e ar l y ,  S mus t  execut e be fo re T can exec u t e  becaus e S 
de f i ne s  a val ue u s ed by T .  
2 .  A s t atement T depends o n  a s t a t emen t  S when S 
re ferenc e s  a va l ue and then T rede f i ne s  i t . Th i s  i s  ca l l ed 
ant i -dependence . 
Aga i n , 
S :  = X  
T :  X = 
S mus t  exec u t e  be fore T becaus e o t h e rw i s e  T w o u l d  
6hang e  t h e  var i ab l e  X and S woul d  us e t h e  w r 6 n g  va l u� . 
3 .  A s ta t ement T · d��ends on a s ta t emen t S when S 
s to re s  a va l ue wh i c h  T a l s o  s t o res . Th i s  i s  c a l l ed o u t pu t  
5 1  
dependenc e . Presumab l y , s ome s tatement be tween S and T 
needs the va l u e  i n  X produced by s .  
S :  X =  
T :  X =  
S mus t  execute be fore T o r  e l s e  the wrong v a l ue w i l l  be 
l e f t  beh i nd in the var i ab l e  X .  
3 . 2 . 3  C on t r o l  D ependence 
A dependence may ar i s e  wh en o n e  s t a t ement 
de t e rm i ne s  whe th e r  a second s t a tement w i l l  b e  exec u t ed . 
Th i s  i s  c a l l ed c o n t r o l  dependence . 
DO 1 0  I : l , N  
1 I F  ( A ( I ) • GT •. 0 • 0 ) GOTO 3 
2 A ( I ) : B ( I )  + 1 . 0  
3 CONT I NUE 
C l ea r l y , s ta t emen t  1 mus t exec ute be fore s ta t eme n t  2 c an 
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execute . S ta t ement 2 depends on s tat ement 1 .  
3 . 2 . 4 D ependenc e Level 
Dependenc i e s at tach to a par t i c u l ar . DO- l oo p  
l eve l s  i n  the l oops sur round i n g  a g roup o f  s ta temen t s . 
S ome dependenc i e s  are a l ways pr e s ent 
DO 5 J :  
D O  5 I =  
S :  V ( I , J )  : A ( I , J )  * B ( I , J )  
T :  Z ( I , J )  = V ( I , J )  
5 CONT I NUE 
T a l ways depends o n S bec a u s e , o n  each 
i te rat i on in every l o o p , there i s  a · t ru e  depende nce 
i nvo l v ing the var i ab l e  V .  
DO 5 I = 2 , N  
A ( I )  = A ( I - 1 ) + 1 
and 
5 CONT I NUE 
DO 5 J : l , N  
DO 5 I : l , N  
S :  A ( I + l , J ) :A ( I , J )  
5 CONTI NUE 
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The r e  a r e  t rue dependenc i e s at t h e  l ev e l · o f  the 
l oo p  w i th i ndex I ;  an e l emen t  of the arra y  o n  i t e rat i on 2 ,  
f o r  examp l e ,  w i l l  be fe tched on i terat i o n 3 .  B u t  there i s  
n o  de pendenc e a t  l ev e l  J ,  s i nce no e l eme n t  s t o r ed on one 
i te ra t i on o f  the l oop i s _ re fe renced o n  any o th e r  
i t erat i on . 
3 . 2 . 4 Dependenc e  I n t e rchange Probl em 
Wh en a g i ven l oo p · in a ne s t  o f  DO- l oo p s  i s  
cho s en f o r  execu t i on i n  vec t o r  hardware , each · vec t o r  
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i ns t ruc t i on w i l l '  operate o n  s ucc es s i ve data e l eme n t s  
s e l ec ted by t h a t  g i ve n  DO- l oop i ndex . Fo r examp l e , i f  the 
l oop w i th J i ndex was v ec t o r i z ed i n  the . n e s t  
DO 1 K : l , N · 
DO 1 J : 1 , N 
DO 1 I : l , N  
1 A ( I , J , K )  = A ( I + l , J + 2 , K+ 3 ) 
the vec t o r  i ns t r uc t i ons wou l d  fetch t h e  e l emen t s  o f  A i n  
the o rder ( 2 , 3 , 4 ) , ( 2 , 4 , 4 ) ,  . . .  , ( 2 , N + 2 , 4 ) and s t o re t h em i n  
the order ( 1 , 1 , 1 ) , ( 1 , 2 , 1 ) , . . .  , ( 1 , N , 1 ) . Th i s  i s - a d i f f e r ent 
order f r om that wh i c h  wou l d  be u s ed i n  s c a l a r  mode , wh ere 
the i nn e rmo s t  DO- l o op , w i t h i ndex I ,  wo u l d  c yc l e  mo s t  
rap i dl y .  
I n  fac t , t h e  yec to r  o rder i s  exac t l y what wo u l d  
be s e en i n  s c a l ar mode i f  the _ J - l oo p  was i nt � rc h a ng e d  w i t h 
! - l oop 
DO 1 K : 1 , N  
DO 1 I = 1  , N  
DO 1 J : 1 , N  
1 :  A ( I , J , K )  = A ( I + 1 , J+ 2 , K+ 3 ) 
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I n  o rder fo r a g i ven l oop t o  be c h o s e n  f o r  
execut i on i n  v ec t o r  hardwa r e , th i s  i n terchange mus t  be 
val id . That i s , i t  mus t  p r e s e rve the s eman t i c s  o f  the 
program . 
F o r  the k - l o op i n  the o r i g i na l  exam p l e  t o  be 
v ec t o r i zab l e , the l o op o rde r i n g  
D O  1 J : 1 , N  
DO 1 I =  1 ,  N 
DO 1 K : 1 , N  
1 :  A ( I , J , K )  = A ( A ( I + 1 , J + 2 , K+ 3 ) 
wou ld have t o  g e n e rate the same prog �am re s u l t s  a s  the 
o r i g i na l . N o t e  tha t the o th e r  l oops are not permuted . I t  
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i s  neces sa r y  to �sk onl y i f  the l oop o f  i nt e re s t  may be 
moved i n s i de al l of the o th e r s . 
Some t i me s  th i s  l oop i n terc hange i s  no t 
pos s i bl e . I n  the ne s t  
DO 1 J : 1 , N 
DO 1 I = l , N 
1 : A ( I - 1 , J + 1 ) = A ( I , J )  
there i s  a dependenc e at the l eve l o f  the J - l o o p . A v a l u e 
s t o red on one i t e rat i on o f  J i s  fe tched on t h e  next . Man y 
dependenc i e s do n o t  a f fec t the r e s u l t s  o f  t h e  prog r am when 
l o ops are i n te rchanged . But th i s  one does , and the J - l o o p  
c a n  not be i n t e rchanged wi th t h e  ! - l oo p  bec a u s e  t h e  
answe r s  wou l d  chang e . 
I n  a mul t i - l ev e l  ne s t , a _ ·depende nc e fo r a l o.op 
. , 
at s ome l eve l m i gh t  be i n te rchangeab l e  par t· o f  the way 
i n to the i nn e r  mos t  l eve l , but then be b l oc k ed . S uc h  a 
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dependence i s  cal l ed " innermo s t  preven t i ng " b�cau s e  t h e  
l o op a t  t h a t  l ev e l  c an not be the i nne rmos t  l eve l . I f  t h e  
l o op c an not b e  i n t erchangeabl e  i n to the i nne r m os t  l eve l 
then i t  can no t be vec t o r i zed . 
3 . 3  The Vec to r i z a t i on Analys i s  o f  the FFT 
Reca l l the FFT a l g o r i thm wr i t t en in FORTRAN i n  
Chap t e r  Two . Th i s  program t akes c omp l ex i npu t  da ta i n  two 
ar rays , the r e a l  par t s  i n  array X and the i mag i nary pa r t s  
·i n  array Y and c a l c u l a t e s  t h e  DFT i n- p l ac e , i . e . , wr i t e s  
t h e  output back i n t o  t h e  X and Y arrays o v e r  t h e  i nput 
da ta , wh i ch i s  des t r o yed . The l ength of the da ta mu s t  be 
N = 2 M , and the o u t e r  DO l O  l o o p  s t eps t h r ou g h  the M 
s tages . The Ws are eva l uated i ns i de the D0 2 0  l o o p  by the 
c o s i ne and s i ne func t i on s . The actual D F T  e va l ua t i o n i s  
done - i n  the i nn e rmo s t  l o op , the 00 3 0  l o o p . The . f i r s t  
s tatement c a l c u l a t e s  a n  addre s s  o f fs e t  f o r  t h e  da ta 
e l ement . The next fo�r s ta t emen t s  calcu l a t e  the l e n g t h - 2 
D FT . The l a s t two s t�t emen t s  i n  the l o o p  a r e  t h e  W fac t o r  
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compl ex mu l t i pl i cat i ons u s i ng four real adds . 
The i n -p l ac e  output o f  the bas i c  FFT a l g o r i thm 
i s  in a s c ramb l ed o rde r , as exp l a i ned i n  Chapt e r  Two . The 
l a s t  part o f  the program u s e s  an i n- p l ace uns c ramb l e r . As 
the i ndex I s teps norma l l y  f rom one t o  N - 1 , the i ndex J 
s teps i n  b i t - r e ve r s e  o rder as s h own i n  F i g . 2 . 3 and the 
output is r e o rde red w i th the s e  two i nd i ce s . 
Apparen t l y , one o f  the t i me - consum i ng 
ope r a t i ons i n  the FFT program i s  the c a l cu l at i o n s  o f  the 
c o s i ne and s i n e  f unc t i on s . Ac tua l l y , i t  i s  n o t  nec e s s ar y  
to c a l c u l a t e  c o s ine func t i on s  becau s e  t h e y  us e t h e  s ame 
ang l e s i n  rad i ans and t h e - value of c o s i ne c o u l d  be 
obt a i ned f r om s i n e . A l s o , t h i s  could be e l i m i na t ed by t h e  
u s e  o f  a prec ompu t ed tab l e  ' gene rated b y  nex t s ubrou t i ne 
S UBROUT I NE I N I  ( N ,  G. , S· ) . 
REAL C ( 1 ) , S .( 1 ) 
P : 6 . 2 8 3 1 9 /N 
DO 1 0  K: l , N 
A : ( K- l ) * P 
C ( K ) : COS ( A )  
S ( K ) : S I N ( A )  
1 0  CONT I NUE 
RETURN 
END 
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I t  i s  s een that onl y  one func t i on needs to b e  c a l cu l ated . 
For exampl e ,  i f  the tabl e i s  the s i ne func t i on , the COS 
tab l e  c an b e  f ound by us i ng the next formu l a : 
COS ( J * Q ) = C ( J )  : S ( ( N / 4 ) - J )  
where Q = ZW/ N , and N = 2  w i l l  be treated as a s pe c i a l  ca s e . 
Thus , the above s ub r out i ne can be i mpr oved a s  - the f o l l ows : 
S UBROUT I NE I N I ( N , C , S )  
REAL S ( 1 ) , C ( 1 )  
DATA C ( O ) , C ( 1 ) , S ( 0 ) 1 S ( l ) / 1 , - 1 , 0 , 0 / 
I F  ( N . EQ . 2 )  GO TO 1 0 0 
P : 6 . 2 8 3 1 9 / N 
DO 1 0  K : O , N- 1  
A = K * P  
S ( K ) : S I N ( A )  
1 0  CON T I NUE 
DO 2 0  K : O , N - 1  
MC = N / 4 - K · 
I F ( MC . LT . O )  THEN 
MC : -MC 
C ( K ) : - S ( MC )  
E L S E  
C ( K ) : S ( MC )  
END I F  
2 0  CONT I NUE 
RETURN 
END 
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I n  t h e  out e r  DOl O  l oop , t h e r e  are four 
as s i gnment s tatemen t s  and a D02 0  i nner l oo p . The four 
as s i gnmen t s  are 
1 N l  = N 2  
2 N 2  = N 2 / 2  
3 E = 6 . 2 8 3 1 9 / N 1  
4 A = O 
Acco rd i ng t o  the s tudy o f  data dependenc e , i t  i s · eas i l y 
found that s ta t ement 1 and s ta t ement 3 have t ru e  da t a  
dependence becaus e  s ta t emen t  1 h a s  to e x ec u t e be f o r e 
s tatement 3 execu t e . A l s o , s ta t emen t  1 arid s t a t em e n t  2 
b e l ong to an t i -dependenc e . S ta t ement 1 mu s t  e x ec u t e  be f o r e  
s ta temen t  2 beca u s e  o t h e rw i s e  s tatemen t  2 wo u l d  s t o r e  the 
var i ab l e  N 2  and Nl  wou l d  u s e  the wr ong val ue . 
A l an N o r t o n  and Al l an J .  S i l b e r g e r i n  May , 
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1 9 8 7 [ 9 ]  desc r ibed a Gene r i c  Arch i tecture f o r  a shared 
memor y  s ys t em f o r  paral l e l  proc e s s i ng t o  s uppo r t  the i r  
prog ramm i ng The s t ruc ture i s  shown i n  F i g . 3 - 2 . From 
the i r  the i r  pape r , I found that i f  a paral l e l  proc e s s i ng 
s ys tem has l oc a l  memo r i es , i t  would be v e r y  h e l p f u l . 
S ta t emen t  1 and 2 can n o t  be proce s s ed i n  pa r a l l e l because 
they n e ed the s ame memo ry l ocat i on N 2 . I n  a paral l e l  
s ys t em w i th l oc a l  memo r i es , i t  i s  qu i t e p o s s i bl e  t o  de f i ne 
s ome t empo rary var i ab l e s . For examp l e , N 2 / 2  c ou l d  be 
c a l c u l ated and a s s i gned to T wh ich is a t empo rary 
var i abl e . By t h e  e nd o f  proce s s i ng , T c o u l d  be s aved i n t o  
N 2  t o  replac e  t h e  o l d  N 2 . 
S ta t emen t  1 and s tatemen t 3 c o u l d  be exec u t ed 
s equent i a l l y  i n  the s ame proce s s o r . Thus , t h e  l o c a l  mem o ri 
s ys t em make s  the paral l e l  proc e s s i ng more p r ac t i c a l . B u t  
s i nce t h e  dat a  dependenc � ex i s t s , mo re s ta t eme n t s  m a y  be 
needed and the p r oc e s s i ng wou l d  not be v e r y · e f f i c i e n t . 
Th i s  k i nd o f  par a l l e l  proc e s s i ng s y s t em n e eds more 
hardware s uppo r t  and i t  i s  not s u i t abl e f o r  
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m i c roc omput e r s . Th e  s ys t em i s  very expen s i ve . 
The VP s ys t em deve l oped by Dr . M i r o n  has no 
l oc a l  memo r i e s  for the coproc e s s o r s  other than the 8 0 8 7  
s tack reg i s te r s . The coproc e s s o r s  c o u l d  acc e s s  the I BM-PC 
conven t i onal memo r y . The I nt e l  8 0 8 7  i t s e l f has e i gh t  s tack 
reg i s t er s . Th i s  means i f  there are mo r e  than e i ght 
var i ab l e s  n eeded whe n  proc e s s i ng the s ta t eme nt s ,  memo ry 
l ocat i on s  o r  reg i s t e r s  of the conven t i onal s ys t em wou l d  be 
u s ed . I t  i s  obv i ous that ne eds man y  t i me - c on s um i ng 
operat i ons . The s e  prob l ems w i l l  be exp l a i n ed i n  de ta i l i n  
Chap t e r  Four . 
and D03 0 , 
D0 2 0  has three s tat emen t s  as the f o l l o w i ng 
1 C : CO S ( A )  
2 S : S I N ( A )  
3 A = J * E  
t h e  i nn e rmo s t  l oo p . 
A s  men t i oned above , the S I N and COS ma y be 
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prec ompu ted . Thus 002 0  l oop can be modi f i ed i nt o : 
1 CC : C ( IA )  
2 S S : S ( I A )  
3 I A : I A + I E  
I t  i s  obv i ous that the s e  s ta t ement s and the 
s tateme n t s  i n  s ubrout i n e  I N I  are data i ndependent . The 
tabl e ca l c u l a t i on s  c ou l d  be vec to r i zed . 
ac tua l l y  
00 3 0 , the · i nn e rmo s t  l oop o f  the FFT prog ram , 
pe r f o rm s  OFT and i s  o f  g reat e s t  i n t e r e s t f o r  
para l l e l  proc e s s i ng . T h e  reas ons a r e  bas ed upo n the 
f o l l ow i ng three po i n t s : 
1 )  00 3 0  may be decompo s ed i n to d i f fe r e n t  p r o g ram 
s e gments f o r  each i t e ra t i on . - The s e  s egme n t s  are hav i ng no 
data dependenc e .  The r e fore the da ta e l emen t s  c o u l d  be 
l oaded onto the 8 0 8 7  s tac k reg i s t ers in s e r i a l mode · and 
the i n s t ruc t i on s  c o u l d  be executed in par a l l e l . 
2 )  The D0 3 0  l oop ma i n l y  per f o rms f l o a t i n g - po i n t  
add i t i ons and mu l t i p l i cat i ons . I t  w i l l  be s e en i n  C hap t e r  
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Four that f l oat i ng -po i n t  ca lcul at i ons on the I n t e l  8 0 8 7  
take much mo r e  t i me than the i nteger opera t i on pe r f o rmed 
by the I n t e l  8 0 8 8 . I f  the D03 0  l oop could b e  exec u t ed i n  
paral l e l , i t  wou ld s ave even more t i me . 
3 )  Th e r e  are e i gh t  d i f ferent var i ab l e s  i n  the 
D0 3 0  l oop and they c an a l l be kept in the 8 0 8 7  s tack . The 
i n s t ruc t i o ns t o  pe r fo rm c a l cu l at i ons can be c a r r i ed out by 
the mean s  of the mov i ng S t ack Reg i s t e r  up and down in a 
para l l e l  mode . The l oad i ng o r  s t o r i ng operat i on i n  s e r i a l 
mode i s  re i at i ve l y  l e s s  than oth e r  ope rat i ons : i n  t h e  
a l go r i thm . 
-
B e f o r e  the D03 0  l oop i s  decompo s ed , it is 
nece s s ar y  t o  c oun t the numbe r of l o ops wh i c h w i l l  be 
execut ed . A s i mp l e f o rmu l a  i s  
n = I NT [ ( N- J ) I N 1  1 · ·  + l 
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whe r e  n i s  the n�b e r  that the l oop w i l l  be execut e . I NT 
means onl y the i nt e g e r  por t i on o f  the r e su l t  w i l l  b e  u s ed . 
The D03 Q  l oo p  c ou l d  be decompos ed i nt o  n prog ram s e gmen t s  
w i th t h e  s ame s ta t emen t s  b u t  d i f fe rent a r ray e l ements a s  
i l l us t ra t ed on F i g � 3 - 3 . After the s tudy o f  t he s e  
s e gmen t s , i t  i s  de t e rm i ned that they are i ndependent o f  
each o th e r . I n  the s ys t em s hown on F i g . 3 - 2 , t h e s e  
s e gment s  c o u l d  be l oaded i nto each l oc a l  - memo r y  be fore 
s ta r t i ng to execute t h em . After the execu t i on , t h e  r e s u l t s  
c o u l d  be s e n t  back t o  g l obal memory . I n  t h e  VP proc e s s o r  
a s  men t i oned above , the l oc a l  memo ry i s  c ompo s ed o f  e i gh t 
s tack reg i s t e r s . Because there are onl y e i gh t  di f fe re n t  
var i ab l e s  i n  e a c h  s e gmen t , i t  w i l l  have no d i f f i c u l t  i n  
keep i ng nec e s s ar y  da ta i n  e�ch 8 0 8 7  ma th c o p ro c e s s o r . 
A f t e r  the proces s , the �es u l t s w i l l  be s aved back t o  
g l oba l memo r y  f o r  l a t e r  calculat i on . 
c.o 
c.o 
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n ·I n . �  
N 
E 
T 
w 
0 
R 
K 
-
, .  
. . 
. 
g l o b a l 
mem 0 
g l ob a l 
mem 1 
g l o b a l 
mem 
. . 
. . 
. 
. 
2 
g l o b a l 
mem m 
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00 
(0 
F i .� u r· e 3 - 3 
D e c o m p o s e d  �0 3 0  Lo o p  
ARRAY ! : J ,  J+N l , J+2N l ,  . . .  
ARRAYL : J+N 2 , J+2N2 , J+3N2 , 
n • INT ( ( N-J ) /N l  1 + 1 
XT•X ( ARRAY I ( l ) )  - X ( ARRAYL ( l ) )  
X (ARRAY"( l ) ) -=X (ARRAY I ( l ) ) +X ( ARRAYL ( l ) ) 
YT•Y ( ARRAY I ( l ) )  - Y (ARRAYL ( l ) )  
Y (ARRAY I ( l ) ) •Y (ARRAY I ( l ) ) + Y ( ARRAYL ( l ) )  
X ( ARRAYL ( l ) ) =C*XT + S*YT 
Y (ARRAYL ( l ) ) •C*YT - S*XT 
I•ARRAY I ( l ) 
L•ARRAYL ( 1 )  
( 8087- 1 ) 
XT=X (ARRAY I ( n ) ) - X ( ARRAYL ( n ) ) 
X (ARRAY I ( n ) ) =X ( ARRAY I ( n ) )+X (ARRAYL ( n ) ) 
YT=Y (ARRAY I ( n ) ) -Y ( ARRAYL ( n ) ) 
Y ( ARRAYI ( n ) ) =Y (ARRAY I ( n ) )+Y (ARRAYL ( n ) ) 
X ( ARRAYL ( n ) ) = C*XT + S*YT 
Y (ARRAYL ( n ) ) =C *YT - S*XT 
I=ARRAY I ( n )  
L=ARRAYL ( n )  
( 808 7-n ) 
� 
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Chapte r  Four 
Scal ar and V ec t o r i z ed C o o l e y-Tukey FFT P r o gr ams 
4 . 1 Vec t o r  I n s t r uc t i ons 
4 . 1 . 1  S e r i a l  and Paral l e l  Modes 
E i t h e r  o f  the three vec tor mod e s  c an b e  e n t e r ed 
i n  the Vec t o r  C o n t r o l l e r ( VC )  as shown i n  F i g . 3 . 1 :  
1 )  Se r i al mode 
2 )  Para l l e l  mode , o r  
3 )  Sc a l a r  mode 
I n  t h e  s e r i al mode , the VC ac t i va t e s  the 8 0 8 7 s  
i n  s e r i e s . Each o f  the 8 0 8 7 s  i n  the s y s t em i s  ac t i v a t ed 
one a f t e r  ano th e r . Wh i l e one o f  the 8 0 8 7 s  i s  ac t i va t ed , 
the o t h e r s  are i n  a wa i t  s ta t e . Th i s  proc e s s  
unt i l  the s e r i a l mode i s  term i na ted by a " re tu r n  
con t i nue s 
to s c a l a r  
mode " i ns t r uc t i on . The s e r i a l  mode i s  u s ed t o  LOAD t h e  
e l emen t s  o f  the argumen t  i n to t h e - 8 a8 7 s i n  s e r i e s . 
I n  t h e  para l l e l  mode a l l  th e - 8 0 8 7 s  a r e  
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act i vated s i mu.l tan e ou s l y . Al l 8 0 8 7  i ns t ruc t i on s  
enc oun t ered i n  the paral l e l  mode wi l l  be executed by al l 
the 8 0 8 7 s  s imu l taneous l y . After the comp l e t i on o f  the 
requ i red operat i o n s , we aga i n  return to the s ca l ar mode . 
Onc e  aga i n  a s e r i a l  mode i s  entered to re t r i eve the 
resul t s  of the para l l e l  exec ut i on and s t ore i t  a t  the 
addre s s  po i n t ed to by the appr opr i a te reg i s t e r s  of the 
CPU . The VP has i t s own i n s t ruct i ons , wh i ch c u r r e nt l y  
cons i s t s  o f  three i n s t ruc t i ons al though s i x t een a r e  
po tent i a l l y  ava i l ab l e . T h e  hexadec i mal cod e s  o f  the t h r e �  
i ns t ruc t i o ns are : 
1 )  DF FD Enter paral l e l  mode 
-
2 )  DF FE Enter scalar mode 
3 )  D F  FF En t e r  s e r i a l  mode 
In As semb l y  language , the s e  were named b y  D r . 
M i ron as g i ven be low : 
1 ) FVECTOR-OP .( DF FD ) 
2 )  FSC�LAR ( DF FE ) 
3 )  FVECTOR-SQ ( DF FF ) 
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4 . 1 . 2 I nc o rporat i ng the VC I n s t r uc t i on s  
A t  pres en t , the VC i n s t ruc t i on s  d e f i ned b y  Dr . 
M i ron are no t r e c o gn i z ed · by the M i c ro s o f t  As s emb l e r .  
Henc e , I u s ed d i r ec t i ve s  and empty i n s t ruc t� o n s  t o  s o l ve 
th i s  prob l em . 
I de f i ne the VC i ns t ruc t i on s  us i ng t h e  DW 
d i rec t i ve to k e ep the hex code of the i n s t rub t i on . F o r 
examp l e , t h e  n e x t  prog ram i s  t o  doub l e  t h r e e  pa i r s o f  
da ta e l emen t s  o n  the top o f  the 8 0 8 7 s . 
8 1 : 
NEXT l : 
8 2 : 
MOV CX , 
JMP 8 1  
3 ;  s e t  coun ter reg i s t e r  
; c l ear the queue 
; empt y  i n s t ruc t i on 
DW O D FFFH ; Enter s e r i a l  mode 
FLD X [ CX ] ; l oad x on the - t op re g i s t e r  o f  t h e· · a o a 7 
DEC CX ; CX- 1 = >  CX 
JNZ NEXT l ; i f · ex not . z e r o , go to l oad n e x t  da ta 
JMP 8 2  
; empt y  i n s t ruc t i o n 
S 3 : 
S 4 : 
S 5 : 
NEXT 2 : 
S 6 : 
_DW O DFFEH ; return to scalar mode 
JMP S 3  · 
; empt y i n s t ruc t i on 
DW DFFDH ; en t e r  para l l el mode 
FADD S T ( O ) , ST ( O ) ; double the X 
JMP S 4  
; empt y  i n s t ruct i on 
DW D FFEH ; return t o  scalar mode 
MOV CX , 3 ; s e t  c o un t e r  reg i s t e r  
JMP S 5  
D W  DFFFH ; en t e r  s e r i a l  mode 
FS T X [ CX ] ; s end resul t s  back to X 
DEC CX ; CX - 1 = >  CX 
JNZ NEXT 2 ; i f CX no t z e ro , go to s t o r e  n e x t  data 
JMP S 6  
; empt y  i n s t ruc t i on 
DW DFFEH ; r e turn t o  s calar mode 
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Th e prog ram f i rs t  l oads each o f  the th r ee 
numbe rs o n t o  the t op reg i s t ers o f  each o f  the t h ree 8 0 8 7 s  
i n  turn . Then , the VP s i mul taneous l y  doub l es the c on t e n t s  
o f  al l the t o p  reg i s t e r s . F i nal l y , the s e  doub l ed numb e r s  
w i l l  b e  re turned to t h e  o r i g i na l  memo ry l oc a t i o n s  o � e  a t  a 
t i me . The p r o gram can n o t  JMP t o  a D I RECT I VE l i k e  DWs . An 
emp t y i ns t ruc t i on w i th a labe l �as used i n  f r o n t  o f  each 
vec t o r  i ns t ru c t i o n . 
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4 . 2  FFT Program Executed on Convent i onal I BM - PC 
F i g . 4 . 1  i s  an i mproved ver s i on o f  t h e  prog ram 
i n  F i g . 2 . 3  wh i ch d e s c r ibes the l og ic o f  the C o o l e y - Tukey 
FFT al g o r i thm . F i g . 4 . 2 has two prog rams wh i ch are u s ed to 
execute FFT a l g o r i thm on I BM-PC . F i g . 4 . 3  i s  a BAS I C  
cal l i ng prog ram f o r  I nver � e  FFT . I t  u s e s  the s ame F FT 
a s s emb l y  subrout i ne . Th e BAS I C  cal l i ng program s  de a l  w i th · 
t h e  i nput and o u t pu t  o f  comp l ex numbe rs f o r  t h e  FFT . N i s  
the number o f  c ompl ex dat a . M mus t  be a powe r o f  two . The 
BAS I C  prog rams r e ad the comp l ex numbers i n t o  a r rays A and 
B .  A f t e r  the CALL s ta t ement , ar ray X and Y w i l l  c o n t a i n  
t h e  outpu t  r e s u l t s o f  t h e  As s embl y  prog ram , i . e ,  ano t h e r  
s e quence o f  comp l ex numbe r s . _Thus , the o r i g i na l  i nput and 
ou tput dat a  are no t de s t r o yed and can be u s ed f o r  o t h e r  
purpo s e s . 
The f i rs t  part o f . th� As s emb l y  · p r o g ram i n  
F i g . 4 . 2  i s  c ompo s ed o f  DD ; DW o r  DB d i r ec t i ve s . The 
f i r s t  two DD s a r e  u s ed to set up two ar rays · wh i e h w i l l  
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keep s i ng l e  prec fs i on real numbe r s . Each o f  t h em keeps 1 2 8  
* 4 byt e s  memor y  capac i ty .  The program reads data f rom 
BAS I C  and s ave them i nt o  ARRAYA and ARRAYB . I u s ed the 
JUMP i ns t ruc t i o n to skip this part s o  that t h e  As s emb l e r  
w i l l  n o t  t reat t hem a s  no rmal i ns t ruc t i on s . 
After t h e  data sec t i on , the S I N func t i o n  w i l l  be 
calculat ed and saved i n t o  the S I N array de f i ne d  in t h e  
data s ec t i on b y  DD d i rec t i ve s . A f t e r  the S I N tab l e  i s  s e t  
up , COS func t i on s  are eva l ua ted and t h e  r e su l t s a r e  s aved 
i n t o  the COS a r ra y . Th e i nput par t i s  fo l l o wed to rec e i ve 
data from the BAS I C  t o  the As s emb l y  progr am . N o t e  that the 
s ta r t i ng v a l ue of t h e · i ndex reg i s t e r  i s  four becau s e  the 
program reads the f i rs t  e l ement o f  array i n t o  ARRAY ( � ) 
ins t ead o f  ARRAY ( O )  and each s i ng l e  prec i s i on real numbe r 
take� four byt es . 
The next s t ep i s  t o  p�sh M and N 2  o n t o .  the 8 0 8 8  
s tac k f o r  l a t e r  l oo p· coun t i ng and pe rfo rm f o u r  a s s i g nment 
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s ta t emen t s . The s in and c o s  values w i l l  b e  f o und from 
precomput ed s in and cos tabl e s . 
The D03 0  l oo p  i s  the next prog ram s egment . 
Be fore the l o o p , the l oop c ounte r  i s  c a l cu l a t ed by the 
f o rmul a  I NT [ ( N- J ) / N l ] + 1 and pushed onto s tack for D0 3 0  
l oop c ount i ng . .  I n  D03 0 l oop , s ource i ndex r e g i s te r  S I  and 
des t i na t i on i ndex r e g i s t e r  are u s ed as i ndex · ! and L i n  
t h e  l oo p . S I  and D I  a � e  mu l t i pl i ed b y  four be f o re t h e  l o o p  
t o  g e t  a c o r r e c t addre s s  o f f s e t  o f  eac h  a r r a y  e l eme n t  and 
d i v i ded b y  f o u r  l a t e r  t o  re s t o r e  o r i g i na l  va l ue t o  mak e 
c o rrect i ndex va l u e s . A var i e t y  o f  8 0 8 7  i ns t ruc t i o n s  a r e  
u s ed i n  th i s  wo rk . T h e  de f i n i t i o ns o f  t h e  i n s t ruc t i ons c an 
be found i n  [ 4 ] . 
The las t s e gment i s  t o  pe r f o rm a b i t  r e v e r s e  o f  
' . 
FFT a l g o r i thm and t h e  res u l t s  are saved back into the 
BAS I C  array X and Y f o r  o utput . 
4 . 3  The Vec t o r i z ed F FT Pr ogram 
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The vec t o r i z ed program i n  F i g . 4 . 3 i s  a mod i f i ed 
ver s i on ·o f  the program i n  F i g . 4 . 2 .  I t  u s e s  Vec t o r  
I ns t ruc t i on s  t o  vec t or i ze s ome program s egme n t s  i n  t h e  
Coo l ey-Tukey FFT . The g en e ra l  cons i derat i on t o  vec t or i z e 
the program s e gment i s  bas ed upon the next two po i n t s : 
1 )  Vect o r i z e the segmen t s  wh i ch per f o rms 
f l oa t i ng - po i nt c a l c u l a t i on . 
2 )  The s egme n t  should have l e s s  data 
Load i ng / S to r i ng and mo r e  a r i thme t i c  ope rat i on s . 
The r e f o re , the s e gmen t s  t o  eva l ua t e  t h e  S I N 
func t i on val ue , s e t  up the COS · tab l e  and prec a l c u l a t e  t h e  
ang l e s  a r e  v ec t o r i z ed as shown i n  F i g . 4 . 3 . 
The 00 3 0  l o o p  is decomp o s ed i n t o  
s egme n t s  as de s c r i bed i n  Chapter Th ree . The i nd i c e s  a r e  
calcul ated b e f o r e  ent e r i ng t h e  D0 3 0  l o o p . ARRAY ! and 
ARRAYL w i l l  k eep the s e  i ndex values for I and L in th e 
D0 3 0  l o op . NDP i s  a memo r y  locat i on t o  keep t h e  numbe r o f  
t h e  8 0 8 7 s  i n  the sys t em and the va l ue o f  i t  i s  pa� s ed by 
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the BAS I C  program . At the beg i n i ng o f  the proc edur e  the VP 
. 
i s  i n  scalar mode . The vec tor envi romen t i s  ente red 
through the FVECTOR-SQ upon wh i ch the sys tem ent e r s  s er i al 
mode . To overc ome the di f f i culty o f  the MAS M  be i n g  unab l e  
t o  proc e s s  th i s  Assembl y  l anguage s ta tement , the 
h exadec imal c ode is used i ns t ead . Once in s e r i a l  mode the 
e l emen t s  o f  ARRAYA and ARRAYB are l oaded s e r i a l l y  i n t o  al l 
the ava i l ab l e  8 0 8 7 s . Th e s ys tem then en t e r s . t h e  s c a l a r  
mode th rough t h e  appropr i a te i n s truc t i on wh i ch r e s e t s  the 
VC . The n  the s tateme n t s  i n s i de D03 0  l o op are executed i n  
paral l e l  i n  8 0 8 7 s . The numbe r o f  8 0 8 7  i n  a s ya t em i s  
mach i ne dependen t .  The D03 0  l oop wi l l  t h e n  b e  exec u t ed 
I NT [ ( ( N- J ) / N 2 + 1 ) / ND P ] + l t i me s , wh i ch i s  l e s s  t han the 
c o un t e r  va l ue of the D03 0  in the pro gram o f  F i g . 4 . 2 .  
4 . 4  The VP P e r f o rman c e  E s t i ma t i on 
A f t e r  I f i n i s hed prog ramm i ng the C o o l e y - Tukey 
A l go r i thm b o t h  o n  c o n vent i onal I BM - PC and VP s ys t em , it i s  
nec e s s a r y  t o  evaluate the d i f f e r ence o f  the i r  
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per fo rmanc e s . I n . th i s  s ec t i on , i n s truc t i on t i m i ng s  o f  both 
programs a r e  c ounted , ana l yzed and s ummar i z ed .  
4 . 4 . 1 I ns truc t i on T i m i ng 
The i n s truc t i on t i m i ng i s  repre s en t ed a s  the 
numbe r o f  c l oc k  pe r i ods r equ i red t o  exec u t e  a par t i c u l ar 
f o rm ( reg i s te r - t o - reg i s te r , i mmed i at e - to-memo ry , e t c . ) o f  
i n s t ruc t i on . A t  5 MHz c l ock , the c l ock pe r i od i s  2 0 0 n s ; at 
8MHz , t he c l oc k  pe r i od is 1 2 5 ns . For the I n t e l  8 0 8 8  
i ns t ruc t i o n  t im i ng wh i c h  u s e s  memo r y  ope rands , and 
e f fec t i ve addr e s s i ng t ime wi l l  be added to the i ns t ruc t i on · 
t i m i ng . F o r  the 8 0 8 8  i ns t ruc t i ons on the 1 6 - b i t o pe r a t i on , 
t h e  t rans f e r  t i me n eeds to be calcul ated by means o f  the 
f o rmu l a  n + ( 4 * T rans fers ) ,  where n i s  the numb e r  o f  
c l oc k s  requ i r ed t o  exec u t e  a g i ven i n s t ruc t i o n . 
The exec u t i ori o f  an 8 0 8 7 i ri s t r u6 t i on i nv o l ved 
three p r i nc i pa l  ac t i v i� i es , · ·eac h of wh i ch m�y c o n t r i bu t e  
to t h e  t o t a l  execut i on t ime o f  the ope r a t i o n : 
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! ) Ins t ruc t i on fetch 
2 ) I ns t ruc t i on execut i on 
3 ) operand t rans fer 
The typ i ca l  execut i on t ime and a range f o r  each 
i ns truc t i on can be f ound in [ 4 ] . 
4 . 4 . 2  T i m i ng f o r  the FFT Program on I BM-PC 
The f o l l ow i ng formu l a  was obtai ned a f t e r  c o unt i ng 
the numb e r  o f  c l ocks o f  the F FT prog ram i n  F i g . 4 . 2 .  
Numb e r  o f  C l oc k s  = 
N 2  
1 2 0 8 + N * 7 9 6 5 +  
M 
\ 
J [ 5 9 4 +  ( 9 5 3 + I NT ( ( N - J ) / N l + l ) - * 4 0 8 5 ) 
K = l J = l 
where N 2 = N / 2 , N / 4 , N / 8  . . .  , 
N l =N , N / 2 , N / 4 , . . .  , 
That i s , whe n  K = 1 , 2 ,  . . .  , M ,  the c omb i na t i on s  o f  N 2  and N l  
w i l l  be ( N / 2 , N ) , ( N / 4 , N / 2 . ) ,  . . .  , i nd i v i dual l y .  The d e ta i l s  
.. , -
could be found i n  App�nd i x  1 . _ 
.. . 
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4 . 4 . 3  T iming f o r  the Vect o r i zed FFT program 
The c o un t i ng o f  c l ock per i ods i n  the F i g . 4 . 3  
resu l t  i n  the next formula : 
Number o f  Cl ocks = 
N * 5 8 0 0 + 1 3 3 2 * N / NDP+NDP* 2 9 9 + 1 6 1 4 + 
M N 2  
[ [ 5 2 7 +  [ ( 8 5 2 + ( I NT ( ( N- J ) /N 1 + 1 ) ) * 3 1 9 +  
K: l J : l 
( I NT ( ( N- J ) /N l + l ) ) / NDP * ( 2 3 6 5 +NDP * 4 8 1 ) ] 
N l =  N , N / 2 , N / 4 , . • •  , 
N 2 =  N / 2 , N / 4 , N / 8 , . . .  , 
whe re NDP i s  the numbe r  o f  the 8 0 8 7 s  i n  the s ys t em and s ee 
Appendi x  2 fo r de t a i l s . 
4 . 5  Conc l us i on 
The Tab l e  4 . 1 i s  bas ed on the two f o rmu l a� g i ven 
i n  s ec t i o n 4 . 4 .  F rom t h e  Tab l e  4 . 1 ,  ·i t  would be n o t ed that 
when N is r e l a t i ve l y  sma l l e � , th� d i f ferec� b e tw e e n  the 
scal a r  and v ec t o r i z ed p r o g ram i s  a r o und 2 0% .  W h e n  the 
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val ue o f  N i s  g e t t i ng larger , the d i f fe r enc e w i l l  be 
mai nt a ined around 3 2% .  I n  o rder t o  i mpr o ve the VP 
per formanc e , the f o l l ow i ng two po ints c ou l d  be c ons i de red : 
1 )  Try to mod i fy the s t ructure o f  s c a l a r  p r o g ram 
and vec t o r i z e a s  many o f  the s egments as po s s i bl e . N o t e  
tha t the s e r i al mode s mu s t  . be use a s  l i t t l e  a s  p o s s i b l e . 
2 )  Th e Load i ng / S t o r i ng i s  the b o t t l e - neck i n  
th i s  s ys t em . The f o l l ow i ng sma l l vec t o r i z ed p r o g ram i s  
to l oad t h r e e  i nt e g e r s  o n t o  the 8 0 8 7  and s ubt ract 
thems e l ve s . 
L l : 
L 2 : 
L 3 : 
MOV CX , 3  
MOV S I , 2  
JMP L l  
; SE T  COUNTER BECAUS E 3 NPPs 
; ACCES S  FROM DATA ( l )  
DW O DFFFH ; ENTER S ER I AL MODE 
F I LD DATA [ S I ] 
ADD S I , 2  
DEC CX 
JNZ L 2  
JMP L 3  
D W  O D FFEH 
MOV CX , 3  
MOV S I , 2  
; RE TURN TO S CALAR MODE 
; RE S ET COUNTER REG I S TE R  
L4 : 
L 5 : 
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JMP L4 
DW ODF FDH ; ENTER PARALLEL MODE 
FI SUB ST ( O ) , S� ( O ) ; F IND THE ABSOLUTE VALUE ON TOP 
JMP L 5  
D W  O DFFFH ; ENTER S ER I AL MODE 
F I S TP DATA [ S I ] ; SEND RESULTS BACK 
ADD S I , 2  
DEC CX 
JNZ L6 
The Tab l e  4 . 2  s h ows the number of c l ock pe r i ods for eac h 
s egmen t : 
Tab l e  4 . 2  
Loadi ng S UB Ope rat i on 
2 7 0  8 5 
S t o r i ng 
4 3 5  
� 
O t h e r s  TOT 
6 1  8 5 1 
Obv i ous l y , t h e  Load i ng and S t o r i n g  t o o k . mo s t  o f  the 
execu t i on t ime becaus e they we re i n  a s e r i a l  mode . Thus , 
s e r i a l  mode should be reduced . Tab l �  4 . 3  i s  a s c a l a r  
program - wh i ch d o e s  exac t l y  t h e  same th i ng ' as t h e  above 
vec to r i zed one . 
MOV CX , 3  
L l : 
Load i ng 
2 7 0  
MOV S I , 2  
F I LD �ATA [ S I ]  
F I SUB ST ( O ) , ST ( O )  
FSTP DATAX [ S I ] 
ADD S I , 2  
DEC CX 
JNZ L l  
Tab l e  4 . 3  
S t o r i ng SUB ·operat i on 
3 6 6  2 5 5  
Oth e r s  TOT 
8 8 9 9  
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From the Tab l e  4 - 3 , the S ubtrac t i on ope ra t i on tak e s  much 
mor e  t ime than the paral l e l  one . The t o t al d i f fe rence 
be tween t h e s e  two prog rams i s  smal l . But , i f  we have mo re 
i n s t ruc t i ons be i ng exec uted i n  paral l e l , we w i l l  c e r ta i n l y  
same mo r e  t i me than the s c a l ar programs . Thus , a paral l e l  
proc e s s i ng s ys t em i s  n o t  a l ways fas t e r . The vec t o r  
proc e s s o r  i s  s u i t ab l e  f o r  1 )  f l oat i ng - po i �� ope r � t i on 
w i th fewe r memo r y  acc e s s es . 2 )  mo re thari one i n s t ruc t i o n s  
wh i ch can be exec u t ed i n  para l l e l . · . T h e  m o r e  i n s t ruc t i ons 
that are ex e c u t ed i n  paral l e l , the m o r e  t i m e  w i l l  be 
8 4  
saved . 
lt') 
00 
Si111le NDP 
N I 2 
Clock 
2 
4 • 8 16  
4 54 5 5 1 9840 1 1 2 1 2039 
4 8 16  
( 1 9 . 5 ) 
1 70688 
( 3 2 . 7 ) 
1 4 2 7 4 3  
' 1 7 1 50 132380 16295 7  11 3000 1 
Note : 
(p) 
Tab le 4 . 1  
3 2  6 4  1 2 8 
9 74 8 9 1 20 7999 7 
N• 
3 2  64 1 28 
( 18 . 7 ) ( 1 7 . 9 )  ( 1 7 . 1 ) : 
3 70 1 5 5 800 2 8 2  1 7 2 3 449 
( 3 2 . 7 ) ( 3 2 . 6 ) ( 3 2 . 2 ) 
306 390 6 5 7 30 1 1 4 1 069 2 
3 3 · 2) ( JJ . J) ( JJ . 4 )  
304 1 0 1 6 506 56 1 38 5 7 59 
( 39 . 5) ( 39 . 9 )  ( 40 . 1 ) 
2 7 56 30 58 5 7 64 1 24 4 29 3  
( 40 . 3 ) ( 4 1 . 0 )  ( 4 1 . 4 )  
1 2 7 1683 5 7 5 1 6 5  1 2 1 8065  
-,r- : p • ( 1  - Clocks of VP/Clocks o f  Single NDP ) * 1 00 % 
M • the number of  Clocks 
256  5 1 2  1 0 2 4  
4 4 2 3 0 5 i  I 9 5 7 54 5 7  1 98 1 34 2 7  
2 5 6  5 1 2 1 0 2 4  
( 1 6 . 4 )  ( 1 7 . 6 )  ( 1 7 . 5 ) 
3696 l 3 6  7 89 4 7 4 3  1 J 3 24 1 2  
( 3 1 . 8 ) ( 3 2 . 8 ) ( 3 2 . 8 )  
30 1 7 3 3 1  64 346 58  1 3 3 24 1 29 
( 34 . 8 ) ( 3 3 . 4 )  . ( 33 . 5 ) 
29 4 4 4 7 8  6 2 39469 1 3 1 8 5084 
( 40 . 2 ) ( 4 1 . 5 ) ( 4 0 . 2 ) 
264 3 2 49  560 5486 1 1 854 36 8  
( 4 1 . 6 )  (43 . 0 )  ( 4 2 . 0 )  
2 58 1 5 1 5 545899 1  1 1 5208 7 3  
tO 
00 A p pe n d i x  
1 .  Th e Ca l c u l a l i t H l  f o r  l l a e  l i ul i n g u l  J o' j �� ·  lt . !.  
S i n  Fu nc t io n  
6 3  + N * S l 3 l  
Co s Fu nc t i on l / 0 F FT B i t l{ e v e r � .:.t I 
t.) f l la l a  
----- ----- · - -- - - -- - _ .. -- ------ -- -- - - - - -- -- - -- - - - - - - - - - - . - - - -- - ·· - - · - - - - - - - - - -
2 8 2+N * 7 5 4 6 3fi 
H N 2 N - J  
7 7+f= 1 l 5 9 4 +t, I ( 9 5 4 +N-1 - - ) * 4 0 8 5) I 1 5 0 + N I * I  h 80+ N * !d H )  
-- - - - ----- --- - -- - -- - - - - - - - -- --- -
2 .  The c a l cu l a t ion f o r  t h e  L i m i n g o f  F i g .  4 . 3 
S i n  Fu nc t i o n  Co s Fu n c t f un 
N N 
( N Dl1-- + ) ) * J 2 2 6  * ( - -- - - + I  ) N D I ,  
( NDP * 2 9 9  + 1 06 )  
'1 / 0  
o f  Da t a  
·r- - --- - --
F FT B i t  H e v e  r � ' ' I -
----- 1 
- --- -
-- -- �-
-----
- -
- _;__ 
__ _ _  
- -
6 J 6 
M N 2  N - J  
2 0 9 +  �- 1 5 2 7 + � ( H 5 Tt- - - - ) * ' 3 1 9  I I SO t- N l * l h H O +N * !. t lO  k - 1 J = l N l  
N - J  
+ (---- -+ 1 ) / N D P * ( 2 3 h 5+ N D P * 4 H I ) ]  N l  
- - - - - --
-- - -- -- - -- --- --- -· - -- - - · - - , _ - - - -- - -- - - ----- ·- . - -- - -- ·- -- -
N= t h e  N o . o f  Da t a  
NllP= t he No . , > f t h e  I n t e l 808 7 s  i n  t h e sy s t em 
N l :  N - 1 
A 
B·:  I n t ege r d i v i � i o n 
7 0  
1 ,... . ·  
:: � . 
6 0 0  
F i g . 4 . 1 
Improved FORTRAN FFT Subrout ine 
S UBROUT I NE F FT < A . B , X , Y , N , M )  
REAL A ( 1 ) , B ( 1 ) , X ( 1 } , S ( 1 ) , C ( 1 ) 
DAT A  C ( 0 ) , C ( 1 ) , S ( 0 } , S ( l ) / 1 , - 1 , 0 , 0 / 
X = A  
Y = B  
I F  ( N . EQ . 2 )  GO T O  6 0 0  
P : 6 . 2 8 3 1 9 / N 
DO 7 0  K = O , N - 1  
A N G L E = K * P  
S ( K ) : S I N < A N G L E ) 
C O N T I NUE 
D O  1 5 0 K : O , N - 1  
tvtC = N  I 4 - K 
I F  ( tv1C . L T . 0 )  T H E N  
MC = - M C  
C < K ) = - S ( i\1 C l 
E L S E 
C ( K ) : S ( MC )  
E N D  I F  
C O N T I N UE 
N 2 : N 
DO 1 0  K =· 1 , M 
N l = N 2  
N 2 = N 2 / 2  
I E = N / N 1 
. I A = O  
DO 2 0 j·: 1 •·N 2 . 
S S = S ( I A )  
C C = C  ( L -\ ) 
8 7  
3 0  
2 0  
1 0  
1 0 0 
l 0 1 
1 0 2 
1 0 3 
" 1 0 4  
I A : I A + I E  
DO 3 0  I = J , N , N l 
L = I + N 2  
XT : X ( I ) - X ( L )  
. X ( I ) : X ( I ) + X ( L )  
YT : Y ( I ) - Y ( L )  
Y ( I ) : Y ( I ) + Y ( L )  
X ( L ) : C C * XT + S S * Y T 
Y ( L ) : C C * YT - S S * X T 
CON T I NUE 
C O N T I NUE 
CONT I NU E  
,J : 1 
N l = N - 1 
DO 1 0 4  I : l , N l  
I F ( I . GE . J )  GO TO 1 0 1  
X T : X ( J )  
X ( J ) : X ( I )  
X ( I ) : XT 
XT = Y ( J )  
Y ( J ) : Y ( I )  
Y ( I ) : X T  
K = � / 2 
I F I K . G F � J )  GO TO 1 0 1 
J : J - K  
K = K / 2  · 
GO TO 1 0 2 
J = J + K 
C ON T I NUE 
R ETURN 
E N D  
. 8 8  
A , · 
F i g . 4 . 2  
The FFT Program as Programm i ng f o r  a I BM - PC 
. 8 0 8 7  
. MO D E L  MED I UN 
. CODE 
C o o l l e y  T u k e y  FFT a l g o r i t h m  
P r o g r amm e r : Z h o u  K e  
D a t e  : J an u a r y  1 3 , 1 9 8 8  
8 9  
u s e  M I C R O S O F T  QU I C K B A S I C  C A L L  F FT ( X ( 1 )  , Y ( 1 )  , A ( l l  , B ( l l  , M , N l  
PUB L I C  F FT 
F F T  PROC FAR 
J M P  S TART 
ARRAY A D D  1 2 8 D UP ( ? )  ; S E T  UP AN A R R AY A 
ARRAYB D D  1 2 8 DUP ( ? )  ; S E T  UP AN A R R A Y  B 
cos D D  1 2 8 D UP ( ? )  ; S E T  U P  c o s  T A B L E  A R R A Y  
S I N  D D  1 2 8 D UP ( ? )  ; S E T  U P  S I N T A B L E  A R R A Y  
A D D  ? ; AN G E L  LOCAT I O N 
N DW ? ; NUM B E R  O F  T H E  C ONP L E X  �0 . 
N 1  DW ? ; ON E  O F  T H E  F AC TO R  O F � 
N 2  DW ? : T H E  S E C O N D  F A C T O R  O F  N 
�1 DW ? ; POWE R O F T.wo · 
TWO D B 2 ; KE E P  C O N S T A N T  2 H E R E  
E DW ? ; KE E P  A L O C A T I O N FOR 6 . 2 8 / � H  
L DW ? 
c DD ? ; KE E P  A LOC . F O R  C O N S T A N T  
s D D  ? ; KE E P  A L O C . F O R  CON S T A NT 
J DW ? ; LOC . O F  I N D E X  O F  D O  2 0  
S T ATUS WORD DW ? -
S I G N  S TO R E  D B ? -
M I NU S 2 DW - 2  
R E A L LY c o s  DB ? . , 
N 1 1 D D  ? 
N O N E  D D  ? ; D UMMY L O C AT I O � 
p D D  ? ; P = 2 * P I / N 
FOUR D W  4' ; KE E P  CON S T A N T  4 H ER F  
P I  TWO DD 6 . 2 8 3 1 9  ; 2 * P I  H E R E  
N 4  D W  ? : S AV E N / 4 H E R E  
\I );  D W  ') ; I \I T E; C t= R  
N N l 
K 
START : 
N ORMAL : 
L O OP 1 : 
D D  ? 
D W  ? 
PUS Ji  B P  
MOV BP , S P 
PUS H AX 
PUS H  BX 
; REAL i� 
; FOR ANGEL CALC ULAT I ON 
; S AVE CURR E N T  S P  I N TO B P  
; S AVE CURR E N T  AX 
; S AVE CURREN T  BX 
9 0  
MOV 
MOV 
BX , [ BP ] + 6 
AX , [ BX ]  
; GE T  A D DR ( N )  AND S AVE I T  I N  B X  
; GET COUNTER I N  A X  
CMP AX , 2  ; CH E CK I F  N = 2  
J N E  
XOR 
NORMAL 
D I , D I 
; NO ,  GO TO NORMA L PROC E S �  
; S ET D I  T O  Z E RO 
XOR S I , S I ; S ET S I  TO Z E RO 
F L D Z  ; S ET T O S  TO Z ERO 
F S T  DWO R D  P T R  S I N [ S I ] ; S ET S I N ( O )  TO Z E RO 
A D D  S I , 4  ; AD DR E S S  S I N ( l )  
F S T P  DWORD PTR S I N [ S I ]  ; S E T  S I N ( 1 )  T O  0 
F L D l ; LOAD 1 ONTO T O S  
F S T  DWORD PTR C O S  [ D I ] ; S E T  C O S  ( 1 )  TO 1 
ADD D I , 4  ; READY FOR N E X T  A D D R E S S  
F C H S  ; C HANGE S I G E 
F S TP D WO R D  P T R  C O S  [ D I ] ; S E T  CO S ( 2 ) TO - 1  
J M P  F I N I S H 
PUS H AX 
MOV N N , AX 
MOV K , O  
F L D  P I TWO 
F I L D N N  
F S T P  N N l 
F D I V  N N 1 
F S T P  P 
; GO TO OUTPUT D I R E C T L Y  
; S AVE C O U N T E R  O N T O  S T AC K  
; S AVE CO UNT ER I N TO N N  L O C A T I C  
; I N I T I AL I Z E K T O  Z E R O  
; GE T  2 * P I  
; LOAD N 
; C H A N G E  I N T E G E R TO R E A L  NUM B F P  
; GE T P O N  · TOS 
XOR S I , S I 
F L D P 
F I L D K 
; S AVE TO P 
; R E S E T  S I · TO Z E RO 
; GE T P 
; GET K 
F MU L P  S T ( 1 )  � S T ; L EAVE A N G E L  ON T O P  
r.tOV S I GN S TORE , O  ; AS S-UME POS I T I V E · 
F T S T  · - ; TE S T  S TA C K  T O �  
F S T S W  S T A T U S _WO R D  · ; bE T  S TA T U S  Wn R n  
F \V' A I T  
,. , · 
r.1 0V :-\ H , B V T E  P T R  S T A T U S  __ WO R D + l : G E T  L S. T B Y T �  
S AH F  ; S E T  S TA T U S  B l T 
J � C  N O N  _ � E GAT I V E ; J M P  I F  C F  = 0  
� O V  S T C \;  S TOR E , - l ; I T S  \i E ' ; T I \- E  
NON_N E GAT I VE : 
RANGE : 
NOCARRY : 
I T S _S I N E : 
N O T _Z E R O : 
S T O A N D C  1 :  
F AB S  ; C HANGE TO P O S I T I V E , A B S L U T E  V A L U E  
. . MOV REALLY_COS , O  ; S I N  , NOT C O S  
F I LD M I NUS 2 ; LOAD M I NUS I NT E G E R  
FLD P I  
F S CALE 
F S T P  ST ( l )  
FXCH 
; LOAD P I  
; DUMP - 2  
9 1  
FPREM ; F I N D PART I A L  R E MA I ND E R  
F S T S W  S TATU S _WORD 
FWA I T 
MOV AH , B Y T E  PTR S TATUS W O R D + l  
S AH F  
J P  RANGE ; T H I S  T E S T S  B I T  C 2  
C M P  R E A L LY_C O S , O  
J E  I T S S I N E  
XOR AH , O l O O O O O O B  
T E S T  AH , O l O O O O O O B  
J N Z  NOCARRY 
XOR AH , l B  
F T S T 
F S T S W  S TATUS WORD 
F WA I T  
MOV BX , O  
A N D  B Y T E  PT_R 
C M P  B Y T E  P T R  
J N E NOT Z E R O  
:vtOV BX , - 1  
T E S T  A H , l O B  
J Z  C 1 I S O F F  
S TATUS WO R D + 1 , 0 1 0 0 0 0 0 1 5  -
S T A TU S _W O R D + 1 , 0 1 0 0 0 0 0 1 B  
: I S r l '�) N 
: ,J i _ - :-[ p I F  O F F  
C �l P  B X , 0 ; S T  E X A C T L Y  Z E RO 
J N E  S T O AN P C l ; J UM P I F  Y E S 
F S UB P  S T ( l ) , S T ; NO W  P I / 4 - S T  
F P T A N  
JM·P S I N DO N E 
F S TP S T  
F S T P S T  
F L D l 
F L D 1 
; PO P  S T  
: AN D  P I / 4  
; L 0 .-\ D R -\ T T < )  
C l i S O F F : 
S T O ANDNO C  1 : 
S I N DONE : 
NOC 3 : 
NOC l : 
DO S I N E : 
S I N F U N C : 
C O O F F : 
L EAVE _POS : 
L 2 : 
JMP S I N DONE 
F S TP S T ( l )  ; GE T  R I D  O F  P I / 4  
CMP BX , O  ; S T E XAC T LY Z E RO � 
J N E  S T O ANDNOC l ; JMP I F  YE S 
FPTAN 
JMP S I NDON E 
F S T P  S T  
F L D Z  
F LD l 
; DUMP S T  
; RE A D  RAT I O  0 TO 1 
MOV BX , O  ; AS S UM E  C 3  O F F  
T E S T  AH , O l O O O O O O B 
J Z  NOC 3 ; JUMP I F  O F F  
MOV BX , 1 ; NO T E  C 3  O N  
T E S T  A H , l O B 
J Z  NOC l ; J UMP I F  O F F  
XOR BX , 1 
J MP D O S I N E  
XOR B X , O  
· CMP BX , 1 
J N E  S I N F U N C  
F X e H  
F M U L  S T ( O ) , S T ( O )  
F L D  S T ( l )  
; S T ( O ) = Y * Y 
; S T ( O ) = X 
FMUL S T ( Q ) , S T ( O )  ; S T ( O ) = X * X  
F A D  D P S T ( 1 ) , S T ( 0 ) ; S T ( .0 ) = X  * X +  Y * Y 
F S QRT 
FD I VP S T i l ) , S T ( O )  
. T E S T  .� H ,  1 B 
J Z  C ' ) ( : � F  
NOT S I G N  S TO R E  
C N P  S I G N _S T O R E , O  
J E  L E AV E  PO S 
F C H S  
F S TP DWORD PTR S I N [ S I ]  
A D D  S I , 4  _ ; AD D R E S S N E XT . E L F . 
I N C K .. ; K = K + l . . 
POP e x  
· D E C  e x  
J Z  L 2  
; CX - 1 TO C.X 
9 2  . 
PU S H  C X  
F N I � I T  
F W A I T  
; PU S H  N EW C Ou N T E R  
; R E S E T 8 0 8 7. R E G I S T E R �  
J '-l P  L OO P ! 
L 5 : 
L ') . . J • 
F I N I S H : 
XOR DX , DX 
MOV
. 
AX , NN 
I D I V  FOUR 
MOV N 4 , AX 
XOR D I , D I 
; S ET DX TO Z E RO 
; S AVE N I NTO AX 
; F I ND N / 4  AND K E E P  I T I N  AX 
9 3  
MOV CX , NN ; S AVE N I N TO C OUNTE R R E G I S T E R  
MOV K , O  
MOV BX , K  
MOV D X , N 4 
S UB D X , BX 
C M P  DX , O  
J G E  L 3  
N E G  D X  
t'-10 V  AX , DX 
XOR DX , DX 
I MU L  FOUR 
; S AVE K I NTO BX 
; TRAN S FE R N / 4  TO DX 
; F I ND N / 4  - K H E R E  
; C HECK I F  N / 4  - K < 0 
; NO , GO TO L 3  
; Y E S , C HANGE T HE S I GN 
; READY FOR MUT I P L I C AT I O N 
; GET CORR E C T  A D DR E S S O F F S E T  
MOV BX , AX ; READY FOR LOAD I N G S I N E L E N t: . : T  
F L D  DWORD PTR S I N  [ BX ]  ; LOAD PRO P E R  S I N E L E N E . ; T  
F C H S  ; C HANGE I T ' S S I GN 
F � T P  DWORD PTR C O S  [ D I ]  
J M P  L 4  
�IO V  AX , o x  
X O R  D X , OX 
I tv1 U L  FOUR 
: J UMP TO R E A D Y  � E X T  A D D R E S S  
: S A V E  I N D E X  I N T O  O X  
; C L EAR D X  F O R  MU LT I P L I C A T T O N 
: R E A D Y  N E X T  A D D R E S S  
MOV B X , AX ; S AVE N E W  A D D R E S S  
F L D  DWORD PTR S I N [ BX ] ; G E T  P R O P E R  S I N V A L G E  
F S TP DWO R D  PTR C Q S  [ D I ]  ; A S S I G N I T  TO COS · T A B L E  
AD D D I , 4  
I N C K 
D E C  C �( 
J N Z  L .� 
MOV B X , [ B P ] + a  
MOV A X , [ BX ] 
MOV l--1 ,  AX 
MOV B X , [ BP ] + 6  
MOV AX , [ BX ] 
l'-10V N , AX 
MOV D X , AX 
MOV CX· , .-\X 
:Vl O V  B �·: . r E ? i  ._ 1 2  
; F I ND K + l TO K 
; C HECK I F  D O N E  
; N OT DON E , · GO T O  K E E P  LOO P I � G 
; G ET ADDR ( � 1  l 
; S AVE . M I N TO AX R E G I S T E R 
; AN D  M LOCAT I O N  
; GE T  A D DR ( N )  
; S AVE N FOR C O U N T I � G 
; S AVE AX TO N 
; S AVE N I � TO DX R E G I S T E R  
: G E T  .-\ D D R l -\ HR A Y A l 
R C 1 : 
R R 1 : 
R B : 
R R 2 : 
T T : 
DON : 
D O l O :  
�!OV S I ,  4 
F N I N I T  
; S TART FROM ARRAY ( l )  
F LD DWO�D PTR [ BX ]  ; LOAD NUMBER I NTO ARRAYA 
F S T P . DWORD PTR ARRAYA [ S I ]  
D E C  CX ; DONE ? 
J N Z  RR l ; NO ,  GO BACK 
JMP RB ; YE S , GO TO RB 
ADD S I , 4  ; ADDRES S NE XT NUMB ER 
ADD BX , 4  ; ADDR E S S  NEXT NUM B E R  
J M P  RC l 
MOV BX , [ B P ] + 1 0  ; GE T  ADDR ( ARRA YB ) 
9 4  
MOV 
MOV 
CX , DX 
8 ! , 4  
; GET O R I G I NAL COU N T E R  
I N I T I AL I Z E  T H E  C O U N T E R  R E G I S T E R  
F L D  DWORD 
F S TP DWORD 
D E C e x  
J N Z  T T  
J PIP DON 
A D D  S I , 4  
AD D BX , 4  
J �I P  RR 2 
tvlOV CX , M  
PU S H  e x  
:'-l O V  AX , N  
:'-l C• V  N 2 , AX 
X OR D X , DX 
NOV AX , N 2 
:tov N l  , AX 
I D I V TWO 
[v10 V  N 2 , AX 
XOR D X , DX 
[vlOV AX , N 
I D I V  N l 
:'-l O V  E , AX 
!I O V  A , O  
i"IOV J , l 
' lOV A � . N 2 
.P U S H  A X  
PTR 
PTR 
[ BX ]  ; I NPUT NUMB E R S  F O R  ARRAYB 
ARRAYB [ S I ] 
; S AVE N · I N T O  A X  
; F I N I S H N T O  � 2  
; I N I T I A L I Z E T H E  O X  R E G I S T E R · 
; S A V E  N 2  TO A X  
; F I N I S H S AV I N G N 2  I N TO N l  
; F I N D N 2 / 2 . Q I N  AX , R  I N  D \  
; F I N I S H N 2 / 2  TO N 2  
.. , 
; MO V E  1 TO J 
R 2 : 
; S T AR T  D0 3 0  
' I = S I , L = D I  
R l : 
: 3 E T  YT = Y ( I ) - Y ( L l  
XOR DX , DX 
MOV AX , A  
I MUL FOUR 
MOV BX , AX 
F LD DWORD 
F S TP s 
FLD DWORD 
F S T P  c 
MOV BX , A  
MOV AX , E  
A D D  AX , B X 
MOV A , AX 
XOR DX , D X 
MOV AX , N  
S UB AX , J  
I D I V N l  
XOR DX , D X  
I NC AX 
PUS H  AX 
�10V S I , J  
MOV AX , S I 
A D D  AX , N 2 
MOV D I , AX 
FN I N I T  
�10V AX , S I 
�lU L  FOUR 
MOV S I  , AX 
Mov · AX , D I 
MU L FOUR 
MOV D I , AX 
F L D  DWORD 
- F L D  DWORD 
PTR S I N [ BX ]  
PTR . COS [ BX ]  
C L E A R  R E G . I N  8 0 8 7  
P TR A R R A Y A  [ S i l 
PTR ARRAY A [ D I ] 
F L D  DWORD. PT R A R R A Y  A ( S I l ,. , ·  
F S UB - . S T  , S T ( 1 )  
F X C H  S T { 2 )  
FAD D S T , S T ( l )  
F S TP DWOR D PTR A R R A Y .4. . [ S I 1 
F S TP NONE G I V E  u P  O L D  \ ( L 
F L D  D W O R D  P T R  ...\ R R .-\ Y B  r s T ; 
9 5  
; . 
S K I P l : 
S K I P 2 : 
S K I P 3 : 
F L D  D WORD PTR ARRAYB [ D I ] 
F L D DWORD PTR ARRAYB [ S l l 
F SUB S T , S T ( l )  
FXCH S T ( 2 )  
F AD D  S T , S T ( l )  
F S TP DWORD PTR ARRAYB [ s ··� ] 
F S TP NONE ; G I VE UP Y ( L ,  
F L D  DWORD PTR S 
F LD D WORD PTR C 
F MUL S T , S T ( 3 )  ; C * XT 
F I NC S TP 
FMUL S T , S T ( l )  
F D E C S TP 
F A D D  S T , S T ( l )  
·F S TP D WORD PTR ARRAYA [ D I . 
- F S TP NONE 
F LD C 
F L D  S 
F I NC S TP 
FMUL S T , S T ( l )  
F D E C S T P  
FMUL S T , S T ( 3 )  
F S U B P  S T  ( 1 ) , S T  
F S TP DWORD PTR A R R A Y B  [ D i l 
F S TP N O N E  
F S TP N O N E  
POP C X  
D E C  C X  
J N Z  S K I P l 
JMP S K I P 2  
PUS H CX 
xoR nx � nx 
MOV AX , S I 
I D I V  FOUR 
MOV · · s r , AX 
MOV AX , N l  , _ . .  
A D D  S I , AX' 
JMP R l  
POP ex 
DEC e x  
J N Z  S K I P 3  
.J:'"lP S I-: I P -+ 
Pt� S H  C H  _\. 
9 6  
� 
S K I P 4 : 
S K I P 5 : 
S K I PS : 
00 1 0 4 : 
R 1 0 4 : 
MOV AX , J  
I N C AX 
lvlOV J ,  AX 
JMP R 2  
POP ex 
DEC ex 
JNZ S K I P 5  
JMP S K I P S 
PU S H  C X  
J MP D O l O  
MOV S I ,  1 
MOV AX , N  
S UB AX , 1 
· MOV N l  , AX 
S AVE N I N T O  .AX 
P U S H AX ; S AVE N l  
MOV D I , l  
CMP D I , S I 
J GE R l O l  
F N I N I T  
tvlOV AX , S I 
I MU L  FOUR 
. MOV S I , AX 
MOV AX ,_ D I  
I MU L  FOUR 
MOV D I , AX 
F L D  DWORD PTR A R RA Y A  [ S I ) 
F L O  D WORD PTR AR�AYA [ D I � 
F X C H  S T ( l )  
F S T P  DWORD PTR ARRAYA [ D I ] 
F S T P D WORD PTR ARR AYA [ S I ] 
F L D  DWORD PTR ARRAYB ( S i l 
. F L D  DWORD . PTR ARRAYB [ D I ]  
FXC H S T ( l )  
F S TP DWORD PTR ARRAYB [ D i l 
F S T P  DWORD . PTR A R R A Y B  f � I ] 
9 7  . 
R l O  1 :  
R l 0 2 : 
rt 1 0  3 :· 
R :  
o u t  1 :  
RE l :  
R E 2 : 
XOR DX , DX 
MOV AX , S I 
I D I V  FOUR 
MOV S I  , AX 
XOR DX , DX 
MOV AX , D I 
I D I V  FOUR 
MOV D I  , AX 
XOR DX , DX 
MOV AX , N  
I D I V  TWO 
CMP AX , S I 
J GE R 1 0 3  
SUB S I  , AX 
XOR DX , DX 
I D I V  TWO 
JMP R l 0 2  
ADD S I  , AX 
POP ex 
D E C ex 
JNZ R 
JMP OUT l 
PU S H  ex 
I N C  D I 
J M P  R 1 0 4 
MOV C X , N  
MO V S I ,
- 4 
MOV B X , [ B P ] + 1 6  
F L O  DWOR D 
F S TP .  DWORD 
AD D BX , 4  
AD D  S I , 4  
D E C ex 
J N Z  R E l 
MOV c x ·, N  
.MOV S I , 4 
PTR 
. . 
P T R  
. .  
L"l OV BX , [ B P l + l 4  
F L D  DWORD PTR 
9 8  
ARRAY A [ S I ] 
[ B X ]  
ARRA Y B  [ S I ] 
F S T P  D \�ORD 
ADD BX , 4  
t . ADD S I , 4  
D E C  e x  
J N Z  RE 2 
JMP ALL D ONE 
ALLDON E : 
POP BX 
POP AX 
POP B P  
R E T  1 2  
F F T  E N D P  
E N D  
PTR [ BX ]  
. ' . 
9 9  
. 8 0 8 7  
. MO D E L  MED I UM 
. CODE 
t I 
F i g . 4 . 3  
V ec t o r i z e d FFT p r o g r a m  
C o o l l e y  T u k e y  F F T  a l g o r i t h m  
P r o g ramme r : Z h o u  Ke 
D a t e  : MAY 3 ,  1 9 8 8  
U S E M I CROS O F T  Q U I CKB A S I C  C A L L  F FT ( N D P , A < 1 > , B ( l ) , M , N )  
F I LE N AME : PARA - F FT . A S M  
U S E  MU T I - PROC E S S OR S Y S TE M , N 8 0 8 7 s  A S S UME D 
N D P : N UMBER O F  8 0 8 7  AVAI LAB LE I N  THE S Y S TEM 
PUB L I C  F FT 
F FT PROC F AR 
J N P  S TART 
ARRAY A D D  1 2 8 D UP ( ? )  ; S E T  UP AN 
A RRAYB D D  1 2 8 D UP ( ? )  ; S E T UP AN 
c o s  D D  1 2 8 D UP ( ? )  ; S ET U P c o s  
S I N  D D  1 2 8 D UP ( ? ) ; S E T  U P  S I N  
ARRAY ! D W  1 2 8 D UP ( ? ) ; S ET I N D E X  
-\ R RAYL D W  1 2 8 DU P ( ? )  ; S ET I N D E X 
I N D E X  D W  1 2 8 D U P ( ? )  
A N G L E  D W  1 2 8 D UP ( ? )  ; AR R A Y  FOR 
A R R A Y 
ARRAY 
T A B L E  
T A B L E  
I AR R A Y  
L .-\ RR . , '1 
S A V I � i �  
1 0 0 
. .  -) 
N DP DW ? ; NU M B E R  OF 8 0 8 7  I ' . � T H E S Y S TE : l 
N DW ? ; NUMB E R  O F  T H E  C O t'vl P L EX NO . 
:\1 1  D W  ? ; ON E  O F . T H E  F AC T O R  O F  N 
N 2  OW ? ; T HE S E COND F A C T O R  O F  \ 
N 3  DW ? ; COUN TER LOC .-� T I O \  
>1 DW ? ; POWE R O F  T'eJO 
T WO D B  2 
T E 1"'1 P  DO 1 2 8 D UP ( ? )  
E OW ? ; KE EP A LOC AT I ON F 0 R 6 < 2 8 / �; l 
A DW ? 
L . DW ? 
c D O  ? ; K E E P  A LOC . F OR C O N S T A N T  
s D D  ? ; KE E P  A LOC . FOR C Q N S T A N T  
J D W  ? : i.o c . (! ;:;' :: ' .  T) E �'\ O F  [) c ) :=: ( )  
S TATuS \eJO R D  D \� 0 
S I G N S T OR E -
M I NUS 2 
R E A L LY_COS 
N l l  
NONE 
p 
F OUR 
P I  TWO 
N 4  
P I 2  
R N  
K 
I ND EX I 
I ND E X L  
S TART : 
� B  ? 
D W  - 2  
D B  ? 
D D  ? 
D D  ? 
D D  ? 
DW 4 
D D  6 . 2 8 3 1 9  
D W  ? 
D D 1 . 5 7 0 7 9 6 3 2 7  
D D  ? 
D W  ? 
D W  ? 
DW ? 
P U S H B P 
MOV B P , S P 
P U S H AX 
P U S H BX 
P US H ex 
P U S H D X  
P U S H S I  
PU S H  D I  
MOV BX , [ BP ] + 1 4  
MOV AX , [ BX ] 
M O V  N D P , AX 
MOV BX , [ B P ] + 6  
MOV AX , [ B X ] 
C MP AX , 2  
; P = 2 * P I / N 
; KE E P  C O N S T A N T  4 H E R E  
; 2 * P I HE R E 
; S AVE N / 4  H E R E  
; F O R  R E A L  N 
; FOR A N G E L C A L C U LAT I O N 
; S AVE OR I G I N A L  VALU E S  O f  
; T H E S E  R E G I S T E R S  
; GE T  A D D R ( � D P l 
; S A VE N D P  I :\  A. X 
; S A V E  NUM B E R  O F  N D P  
; GE T  A D DR ( N l  .-\ 0i D. s � \, ,.... T 
; GE T  COUN T ER I N  AX 
; C H E C K  I F  N :: 2 
1 0 1  
NORfwlA L : 
; PR E C A L C U L AT E  
s :  
s 1 :  
S 2 : 
S 3 : 
:) 4 : 
� S : 
A N G L E S  
F C H S  
F S T P  DWORD 
JMP F I N I S H  
PUS H  AX 
MOV N , AX 
MOV K , O  
F L D  P I TWO 
F I LD N 
F S TP RN 
F D I V  R N  
F S TP p 
MOV AX , N  
MOV BX , N D P  
MOV CX , BX 
I D I V  BX 
I N C A X  
MOV N 3 , AX 
PU S H  AX 
MOV BX , NDP 
MOV C X , BX 
J M P  S l  
OW O D F F FH 
F L D  P 
F I L D K 
I N C K 
D E C  CX 
J N Z  S 2  
JMP S 3  
OW O D F FD H  
PTR 
Fl'-1UL P S T ( 1 ) , S T 
MOV CX , N D P  
J M P  S 4  . 
1 0 2  
; GET - 1  
C O S  [ D I ]  ; S E N D  I T  TO C OS TAB LE 
; SK I P  S I N AND C O S  C ACU LAT I ON 
; S AVE C O U N T E R  O N T O  S TA C K  
; SAVE C O U N T E R  I N T O  N N  
; SET K T O  0 
; GET 2 * P I  
; GE T  I NTE GER N 
; CHANGE I T  I N T O  R E A L  
; GE T  P O N  TOS 
; S AV E  P I N TO P LL -� A T  1 0 t 
; GET COUN T E R  
; GE T  THE N UM B E R  O F  � 0 8 7 
; S E T  C X  R E G I S T E R  
; F I N D N / N D P , S .\ V E  
; F I N D N / N D P  + 1 
; S AVE COU:--I T E R 
; PU S H COUN T E R  
; E N T E R  S E R I A L  MO D E  
; E N T E R  P A RA L LE L  
; AN G L E  = K * P 
; R E S E T C OU N T E R  
I T  
O W  O D F F FH ; E �TER S E R I A L �O D E  
F S T P  .-\ N G L E  [ S 1 ]  ; ·s E � D  .-\ � G  L E T O  .� .\i C L F \ R  � . · .  
� -
S 6 : 
LOOP ! : 
�ON N E GAT I VE : 
FU\NG E : 
; G E T  C O R R E C T  O F F S E T  
; CX - l = > CX 
; CX NOT Z E RO , GO TO S 6  
1 0 3  
AD D S I , 4  
D E C  CX 
J N Z  8 5  
JMP 8 6  ; CX I S  Z ERO , GO TO N E X T  S T E P  
D W  O D F F E H  
POP C X  
DE C C X  
; E NTER S C A LAR MODE 
; C HECK I F  DON E 
JE LOOP ! 
PUS H  CX 
; YE S , GO TO N E X T  S E GEMENT 
; NO ,  S A VE N E W C O UN T E R 
J M P  S ; BACK TO B E G I N I NG 
FLD AN G L E  [ S I ]  ; GE T  A N G L E  ON T O S  
M O V  S I G N _S TO R E , O  ; AS SUME PO S I T I V E 
F T S T  ; T E S T  S T A C K  TO P 
F S T S W . S TATU S _WOR D ; G ET S T AT U S  W O R D  
FWA I T  
MOV AH , B YT E  PTR S TATU S _WOR D + l ; GE T 1 S T B Y T E  
S AH F  ; S E T  S T A TUS B I T  
J N C NON _N E GAT I VE ; J N P  I F  C F  = 0  
MOV S I G N _S TOR£ , - l ; I T S  N E G T I VE 
F A B S  ; C HANGE TO PO S I T I VE , A B S L U T E  VALUE 
�lOV REALLY _COS , 0 ; S I N , N O T  · C O S  
F I L D M I NU S 2 ; LOAD M I NC S  I N TE GER 
F L D P I ; L O A D  P I  
F S C A L E  
F S TP S T ( l )  
F X C H  
; DUMP - 2  
. . 
F PR E N  ; F I N D P A R T I A L  R E MA I N b E R  
F S T S W  S T AT U S _W O R D  
FWA I T  
MOV AH , B Y T E  PTR S T ATU S _WO R D + l . . 
S AH F 
J P  RANGE 
C M P  R E A L L Y _C O S , O  
J E  I T S S I N E  
:\. O R  .-\ H , 0 1  O O O O O O B  
; T H I S  TE S T S  B I T . C 2  
NOC ARRY : 
I T S _S I N E : 
N OT _Z ERO : 
S T O A N DC l :  
C l i S O F F : 
S T O AN D NOC 1 :  
S I N DO N E : 
• I TE S T  AH ' 0 1  O O O O O O B  
J N Z  NOC ARRY 
XOR AH , l B  
F T S T  
F S T S W  S TATUS WORD 
FWA I T  
MOV BX , O  
AND BYTE PTR S TATU S _WO R D + l  , O l O O O O O l i::-, 
CMP BYTE PTR S T ATU S _WORD + 1 , 0 1 0 0 0 0 0 1 3  
J N E  NOT_Z E RO 
MOV BX , - 1 
T E S T  AH , l O B  
J Z  C l i S O F F  
CMP BX , O  
J N E  S T O AN DC l 
; I S C l  ON 
; J UMP I F  O F F  
; S T EX ACT L Y  Z E RO 
; J UMP I F  Y E S  
F S U B P  S T ( l ) , S T ; NOW P I / 4 - S T  
F P T A N  
J M P  S I N DO N E  
F S T P S T  
F S T P  S T  
F L D 1 
F L D l 
J M P  S I N D O N E  
F S TP S T ( l )  
; PO P  S T  
; A N D  P I / 4  
; LOAD RAT I O  1 T G  
; G E T  R I D · O F P I / -+  
C M P  BX , 0 ; S T  E X � C T L  r� Z ERCJ ' )  
J N E  S T O AN D NOC l ; J MP I F  Y E S  
F P T AN 
J MP S I N DO N E  
F S T P S T  ; DUMP S T  
F LD Z  
F L D 1 
; R E A D  RA T I O  0 T O  1 
. , · 
MOY B X , O  ; AS S UME C 3  O F F  
T E S T  AH , O l O O O O O O B  
J Z  �OC 3 
:-10\' B X , 1 
; J L �l P  I F  C F F  
; NO T E  C 3  0 \  
1 0 4  
. . 
NOC 3 : 
NOC 1 : 
DOS I N E : 
S I NFUNC : 
C O O F F : 
L E A V E _PO S : 
B E G I N : 
T E S T  A H , l O B  
J Z  NOC l ; JUNP I F  O F F  
XOR B X , 1 
JMP DO S I NE 
XOR B X , O  
CMP BX , 1 
J N E  S I NFUNC 
FXCH 
FMUL S T ( O ) , S T ( O )  
F LD S T ( l )  
; Y * Y  
; S T ( O ) = X 
FMUL S-T ( 0 ) , S T ( 0 ) ; S T ( 0 ) = X  * X  
FA DDP S T ( l ) , S T ( O )  ; S T ( O ) = X * X + Y * Y  
F S QRT 
F D I VP S T ( l ) , S T ( O )  
T E S T  A H , 1 B 
J Z  C O O F F  
N O T  S I GN S TORE 
C MP S I G N _S T ORE , O  
J E  LEAVE _PO S 
F C H S  
F S TP DWORD PTR S I N  [ S I ]  
A D D  S I , 4  ; A D D R E S S 
I N C K � K = K + l 
POP ex 
D E C  e x  ; C X - 1 TO 
J Z  L 2  ; Z E RO , · GO 
PU S H  e x  ; PU S H  N E W  
NE X T E L E . 
e x  
T O  S E T  L� P 
C O L; � T E R · 
-
F N I N I T  ; R E S E T  8 0 8 7  R E G I S T E R .> 
FWA I T  
MOV B X , N 3 ; S E T  C O U N T E R FOR· c o s  
J M P. · LOO P l 
�IOV K , O  
�: ... ·>'· : ' ' . , 
XOR D I , O I  ; S E T D I  _TO 0 
f'viOV S I , D I ; S ET S I  TO 0 
NOV e x , N D.P 
�JOV DX , C X ; S AVE T H E  C Ol' N T E R  
JMP L ; C L E A R  C Pt '  Q U El : E  
1 0 5  
L l : 
L ·2 :  
L 3 : 
L 4 : 
L 5 : 
L 7 : 
. L 8 : 
D W  O DF F F H  
F I LD K 
F I LD N 4  
I NC K 
D E C  C X  
J N Z  L 1  
JMP L 2  
D W  O DF FD H  
; E N T E R  S E R I A L i' lO D E  
; LOAD K ONTO TO� 
; LO A D  N / 4  
; AD D  ONE T O  K 
; ex � 1 TO e x  
; I F NOT Z ERO , G O  T O  L l  
; E N T E R  PARA L L E L  MOD E  
1 0 6 
F I S UB S T ( O ) , S T ( l )  ; PE R FORM N / 4 - K I N P AF � 
F I MU L  FOUR ; MAKE A CORR E C T  I N D E X  VALL � 
J MP L 3  
DW O DF F E H  
M O V  CX , DX 
J M P  L 4  
D W  O DF FF H  
F S T  WORD 
AD D D I , 4  
D E C  ex 
JN Z L 5  
J M P  L 6  
DW . O D F F E H  
PTR 
MOV C X , BX -
D E C  ex 
MOV BX , CX 
; E N T E R  S C A L A R  MO D E  
; S E T  COUNTER 
; EN T E R  S ER I A L t-lO D E  
I ND E X  [ D I ] ; S A V E  T H E  
; C H E C K  e x  = 0  ? 
; R ETURN :ro S C A L A R  
; DO N E ? 
I \ D F \  
�1 (1 D F 
J N Z  L ; NO ,  GO TO B E G I N  I :.: r 
MOV ex , ·ox ; t-10VE . NDP I N TO C \  
XOR D I , D I ; S ET D I  TO Z E R O · 
MOV �X , N 3 
J M P  L 7  
DW . O D F F F H  ; E NTER S ER I A L  MO D E  
F I LD DWORb . PTR I N D E X  [ D I ]  
D E C  C X  
J N Z  L 8  
; DON E ?  
; � 0 ,  DO A G .-\ I . :  
L 9 : 
L l O : 
L l l :  
L 1 2 : 
L 1 3 : 
L 1 4 : 
L 1 5 : 
L l 6 : 
L l 7 :  
J MP L 9  
; EN T E R  PARA L L E L  �O D E  
; DUPL I CATE T O S  
1 0 7 
D W  O D F F DH 
F I LD S T ( O ) 
F C H S  
F I LD S T ( l )  
F A B S  
·F X C H  
; CHANGE T H E  S I G N O F  TOS 
; GE T  OR I G I N A L I N D E X  N U M B E R  
; F I ND I T S  A B S O L UTE V A L C E  
; EXCHANGE T H E  POS I T I ON 
F I D I V  S T ( l )  
J M P  L l O  
; F I ND - X / AB S ( X )  
DW O D F F E H  
MOV CX , DX 
JMP L l l 
; R E T U R N  T O  S C A L A R  ;'-lO D E  
D W  O D F F F H  ; E N T E R  S E R I A L MO D E  
F L D  DWORD P T R  S I N I N D E X  [ D I ]  
D E C  CX 
J N Z  L 1 2  
J �IP L 1 3  
D W  O D F F D H  
F I MU L  S T ( l )  
JMP L 1 4  
DW O D F F E H  
MOV CX , D X 
JMP L 1 5  
; E N T E R  P AR A L L E L  M O D F  
; MU LT I P L Y  T H E  S I G �  
; S CA LAR i"IO D E  
D W  O D F F F H  ; E N T E R  S ER I A L MO D E  
F S T P  DWORD PTR C O S  [ S I ] 
ADD D I , 4  
D E C  C X  
J N Z  L 1 6  
J M P  L l 7  
. , · 
DW O D F F EH 
�OV C X , BX 
: E � T E R  S C A L A R  :"V' TJ E 
. . . 
.. 
'4 
1 0 8  
D EC ex 
MOV BX , CX 
J N Z  L 7  
F I N I S H : 
MOV BX , [ BP ] + 8 
MOV AX , [ BX ] 
MOV M , AX 
MOV BX , [ BP ] + 6 ; G E T  COU N T E R  
MOV AX , [ BX ] ; ex H A S  T H E  COL :-: T E R  
MOV N , AX 
MOV DX , N  
MOV CX , N 
MOV BX , [ BP ] + 1 2  ; GE T  ADDR ( ARRA Y . .\ l 
MOV S I , 4  
FN I N I T  
RC 1 :  F L D  DWORD PTR [ B X ]  
F S TP DWORD PTR ARRAY A [ S I ]  
D E C ex 
J N Z  RR 1 
JNP RB 
RR l :  ADD S I , 4  
ADD BX , 4  
JMP RC 1 
RB : 
MOV B X , I B P ] + 1 0  G E T  A D D R  ( ARR.\ Y B  I ·  
MOV CX , DX 
MOV 8 1 , 4  
RR 2 : F L D  DWORD PTR [ B X ] 
F S TP 'DWORD PTR AR.R A Y B  [ S I ] 
DE C ex 
J N Z  T T  
J M P  D O N  : 
TT : · ADD S I , 4  
AD D  BX , 4  
J M P  RR2 . 
DON : 
�10\' e x , �� 
? l_: s H ,.., \: 
DO l O : 
R 2 : 
·MOV AX , N  
MOV N 2 , AX 
XOR DX , DX 
MOV AX , N 2 
MOV N 1  , AX 
I D I V TWO 
MOV N 2 , AX 
MOV . AX , N  
I D I V  N 1  
MOV E , AX 
MOV A , O  
MOV J , 1 
MOV AX , N 2 
PUS H  AX 
MOV AX , A  
I MU L FOUR 
MOV BX , AX 
; S AVE N I NTO AX 
; F I N I S H N T O  N 2  
1 0 9 
; I N I T I AL I Z E T H E  DX RE G I S TE R  
; S AVE N 2  T O  AX 
; F I N I S H S AV I N G N 2  I N TO N l  
; F I N D N 2 / 2 . Q I N  AX , R I N  D X  
; F I N I S H  N 2 / 2  T O  N 2  
; MOVE 1 T O  J 
F L D  DWORD PTR S I N  [ BX ]  
F S TP s 
F LD DWORD 
F S T P  c 
MOV BX , A  
MOV AX , E  
AD D AX , B X 
MOV A , AX 
XOR DX , DX 
MOV AX , N  
S UB AX , J  
I D I V N l  
XOR D X , DX 
I N C  AX . .  
PTR COS [ BX l  
PUS H  AX ; P U S H  T H E  COU� T E J� � ,: : T � � :  \ C E  
; CALCULATE I ND E X  I A N D  I N DEX L AN D  . S AVE. T H E M  I �TO · .-\ R R .-\ Y  � - . ,  ' . [ 1  .-\ R R .-\ \' L 
MOV S I , 4  
POP C X  
Pu S H  ex 
�tOV AX , J 
; S A V E  S T A R I � G O F F S E T I � T U  S I  
; POP C 6U N T E R . I � TO . C X  
; Pl' S  H I T  B .-\ C K  TO S T .-\ C' h: 
;: 
I 
' 
R E P : 
1 1 0 
I MUL FOUR ; GE T  C ORR E C T  A D D R E S S 
MOV WORD PTR ARRAY [ S I ] , AX ; S AVE I 
MOV BX , N 2 ; SAVE I NT E GE R  N 2  I N Tu 3X 
ADD AX , BX ; J + N 2  = >  AX 
I MU L  F OUR ; MULT I P LY BY F 0 0 h  
MOV WORD ARRAYL [ S I ] , AX ; S AVE L 
ADD AX. , N l 
ADD S I , 4  
D EC CX 
; J + N l = > N l  
; AD D RE S S  N EXT E L E . 
; CX - l = > CX 
J N Z  REP ; CX = O ?  NO , GO T O  R E P  
; I N D E C E  ARE I N  TWO ARRAYS I ND I V I DUALLY 
R EPEAT l : 
REPEAT : 
S K I P l : 
S K I P 2 : 
S K I P 3 : 
R 2 : 
POP AX 
I D I V  NDP 
I NC AX 
P US H  AX 
MOV I N DEX I , O  
MOV I N D EXL , O  
MOV AX , N D P  
PU S H  AX 
; F I ND N / N D P 
; S AVE I T  O N  S TA C K  
; GET T H E  N UM B E R · o F � · � - s 
; GE T  C OUN T E R 
L E A  B X , ARRAYA ; GE T  ADDR E S S  O F  A R R A Y A  
MOV ADD R E S S , B X ; S A V E  T H E · A D D R E S S  
J M P  S K I P l  
O W  O D F F D H  
F L O  S T ( O )  
JMP S K I P 2  
; E N T E R  PAR A L L E L MO D E  
; D U P L I CA T E  T H E  T O S  
DW O D F F E H  ; R E T U R N  TO S C A L A R  �O D E  
MOV � I , ARRAY I ; S AVE I I N T O  S I  
MOV D I , I N DEX I ; MOVE I TO D I  R E G I S T � �  
POP CX 
PUS H CX 
JMP S K I P 3  
D W  O D F F F H ; E N T E R  S E R I A L ·  :IC: D E  
F L D  DWOR D PTR AD D RE S S [ S I ] : G E T  \ 
. FWA I T  
AD D D I , 2  ; I N C R E !--1 E N T  N Y  � 
S K I P 4 : 
S K I P 5 : 
R 3 : 
S K I P 6 : 
S K I P 7 : 
R -1 : 
S K I P 1 6 : 
1 1 1  
MOV S I  , ARRAY ! [ D I ]  ; L O A D  I � D E \  I NT O  S 1 
' DE C  CX ; CX - l = > CX 
J N Z  R 2  ; DONE ? NO , GO T O  R E A D  N E � T 
JMP S K I P 4 
D W  O D F F E H  
POP CX 
PUS H  CX 
MOV S I , ARRAYL 
MOV D I , I ND EX L  
J M P  S K I P S 
DW O D FF F H . 
F L D  . ADDRE S S  [ S I ]  
FWA I T  
A D D  D I , 2 
MOV S I , ARRAYL [ D i l  
D E C  CX 
JNZ R 3  
JMP S K I P 6 
D W  O D F FE H  
J MP S K I P 7  
D W  O D F FD H  
F S T  S T ( 2 ) , S T 
F S UB R  S T , S T--( 1 ) 
F I N C S TP 
F A D D  S T , S T ( l )  
F D E C S T P  
FWA I T  
J MP S K I P 1 6  
D W  O D F F E H  
. . . . . 
; YE S , GO T O  S K I P 4  
; RETURN T O  S CALAR MOD E 
; S AVE L I NTO S I  
; E NTER S ER I A L MO D E  
; E N T E R  S C A L A R  M b D E  
; E N T E R  PARA L L E L  MO D E  
; TRA N S F � R  S T  T O  S T ( 2 )  
; X ( I ) - X ( L )  = >  T O S  
; I N C R E M E N T  S P  B Y  O N E 
; X ( I ) + X ( L )  = >  X ( I l . 
; S P - 1 = >  S P  
; HAKE S UR E  .8 0 8 7 H A S  o � � : '-. E 
; BA C K  T O  S C A LAR MO D E  
; N EXT PART I S  T O  F I N D  YT AND Y ( I )  · 
MOV · CX , F L A G l 
D E C  CX 
; G E T  F LA G  IN CX 
J N Z  AGA I �  ; DO ARRAYB 
AGA I N : 
NEXT : 
S K I P 1 7 :  
R 5 : 
S K I P 2 1 :  
S K I P 2 8 : 
C HANGE : 
T 3 : 
JMP N �XT 
LEA BX , ARRAYB 
MOV ADDRE S S , BX 
MOV F LAG 1 , 1 
JMP S K I P 1  
POP e x  
PUS H  C X  
· JMP S K I P 1 7  
DW O D F F F H  
F L D  C 
F L O  S ­
F WA I T  
D EC CX 
J N Z R5 
POP ex 
PU S H  C X  
J M P  S K I P 2 1 
O W  O D F F D H  
F M U L  S T , S T ( 2 )  
F I NC S TP 
FMUL S T , S T ( 4 )  
F D E C S TP 
FWA I T  
JMP S K I P 2 8  
DW O DF F E H  
MOV AX , F L A G 2  
CMP AX , l  
J Z  C HANG E 
J MP S K I P 2 9  
J t-1 P  T 3 
DW O D F FD H  
F C H S  
FWA I T  
J M P  T 4  
; PO I NT ARRA ·�- B  
; S AVE T H E  AD D R . 
; C HANG E  F LAG 
: EN T E R  S E R I AL MOD E 
; LOAD C ON TOS 
; LOAD S ON TOS 
; cx - 1 = -> e x  
; NO D O N E , GO TO R 5  
; EN T E R  P A RA L L E L  MOD E  
1 1 2  
; R E TURN TO S C .-\ L A R  � !t.  J L 1 i ·: 
; GO TO C HA N G_£ . S I G \ 
; I N TO P A R A_L L E L  r-- V: f 1 E 
; C H A N G E  S I G N 
1 1 3 
T 4 : 
OW O D F FE H ; S CA LAR NODE 
JMP S K I P 2 9 
S K I P 2 9 : 
DW O D F F D H  ; PARAL L E L  NO D E  
F A D D  S T , S T ( 1 )  
FXCH S T ( 7 )  
F I NC S T P  ; I NC R E M E N T  S P  B �£ 2 
F I NC S T P  
F X C H  S T ( 3 )  
F I NC S T P 
FXCH S T ( 3 )  
F I NC S T P 
FXCH S T ( 3 )  
FD EC S TP 
FD EC S TP 
F D E C S TP 
FD E C S TP 
FWA I T 
J M P  S K I P 4 6  
S K I P 4 6 : 
OW O D F FE H  ; RE TU R N  T O  $ C .-\ L.-\ R 
NOV C X , F LAG 2 
D EC e x  
J N Z N EXT 2 · 
J MP N E X T 3 
NEX T 2 : MOV FLAC! 2 , 1  
MOV C X , 2 
JMP T 
T :  
D W  O D'F F D H  ; PARA L L � L l-lO D E  
F I NC S T P  
F I NC S T P  
F r' NC S TP 
F I NC S TP 
.  , · . 
F I N C S T P· . 
FWA I T  
J MP S K I P 4 8  
S K I P 4 8 : 
S K I P 4 9 : 
R l O : 
S K I P 5 t :  
S K I P 5 2 : 
S K I P 5 3 :  
R l l :  
S K I P 5 4 :  
DW O D F F E H  ; S CA LAR MO D E  
POP C X  
PUS H  CX 
MOV D I , 4  
MOV S I , ARRAY I 
J M P  S K I P 4 9  
D W  O D F F F H  ; EN TE R  S E R I A L 
F S T  ARRAYB [ S I ]  
FWA I T  
MOV Sl , ARRAY I [ D I ] 
ADD D I , 4  
D E C  C X  · 
J N Z  R l O  
J M P  SK I P 5 1 
OW O D F F D H  ; P ARAL L E L  l'-IO D.E  
F I N e S TP ; PO I NT TO X ( L l  
FWA I T  
J M P  S K I P 5 2 
DW O D F F E H  ; S CA LAR r"lO D E  
POP ex 
PUS H ex 
MOV D I , :l 
MOV S I , ARRA Y L  
J M P  S K I P 5 3  
DW O D F F D H  ; S E R I AL �lOD E  
F S T  ARRAYB [ S I ] ; RETCRN X (  L ) . 
MOV S I , ARRAYL [ D I ]  
A D D  D I , 4  
D E C  ex 
J N Z  R l l 
J l'-lP S K I P 5 4  
OW O D F FEH ; S C A LAR . �JO D I;  
1 1 4  
1 1 5  
JMP S K I P 5 5  
S K I P 5 5 : 
DW O D F F D H  ; PARAL L E L  MO D E  
F I N C S T P  
F I NC S TP 
FWA I T  
J�lP S K I P 5 6  
S K I P 5 6 : 
DW O D FF E H  ; S C ALAR MO D E 
MOV S I , ARRAY I 
MOV D I , 4  
POP C X  
PUS H  ex 
J MP S K I P 5 7 
SK I P 5 7 :  
DW O D F F FH ; S E R I A L MOD E  
R 1 3 :  F S T  ARRAYA [ S I ]  
FWA I T  
MOV S I , ARRAY I [ D I ] 
I NC D I  
DEC ex 
J N Z  R 1 3  
J N P  S K I P 5 8  
S K I P 5 8 : 
. ow O D F FE H ; S C A �A R l'v10 D E  
J M P  S K I P 5 9  
S K I P 5 9 : 
DW O D- FF D H  ; PA RA L L E L  : !O D E . 
F I NC S TP ; PO I NT T O  Y � L l  
FWA I
'
T 
J i"l P  S K I P 6 0  
S K I P 6 0 : 
DW O D F F E H  ; S C AL AR HO D E  
POP C X  
. PUS H ex 
MOV . S I , ARRAYL 
MOV D I , l  
JMP S K I P 6 1. 
S K I P 6 1 : 
R 1 4 : 
S K I P 6 2 : 
EX I T  1 :  
R E C l :  
EX I T 2 : 
1 1 6 
DW O D F F F H ; S ER I A L  l"lO D E  
F S T  ARRAYA [ S I ] 
FWA I T  
NOV S I , ARRAYL [ D I ]  
ADD D I , 4  
D E C  e x  
J N Z  R 1 4  
J MP S K I P 6 2 
DW O DF F E H  
POP DX 
P O P  CX 
D E C  ex 
J E  EX I T l  
PU S H  C X  
MOV AX , DX 
I NU L FOUR 
A D D  AX , COUNTER 
MOV I N D EX I , AX 
MOV I ND EX L , AX 
J N Z  AL L DO N E 
J NP R E PEAT l 
J MP E X I T l  
POP AX 
POP ex 
D E C  e x  
J N Z  REC l 
JMP EX I T 2  
MOV AX , J. 
A D D  AX , 1 
l"lOV J , AX 
PUS H ·ex 
J MP 0 0 2 0 - .  
POP AX 
POP ex 
D E C ex 
J N Z  R EC 2 
. .  
; S CALAR MO D E  
; DUMP N D P  
; GET R E A L  00 3 0  L OOP CQ i j \1 · ·· i-_ _  , 
; CX - l = > C X 
; I F Z ER O , G g T  R I D  O F  DO : 
; OTHERW I S E , P U S H  N E W  C ( � L· '  
; GE T  N D P  
; 4 * ND P  
; F I ND N E X T  S TA R T I N G O F F S  E ·;­
; S AVE T H E M  I N TO I N D E X I 
; S AVE T H E M  I NTO - I N D E X L  
; A N Y  N UMB E R  L E F T ?  
; G I VE · u p  D0 3 0  C O C N T E R  -' - t  
; CX = O , N 2 = 0  
, ' 
RE C 2 : 
EX I T 3 : 
S K I P S : 
00 1 0 4 : 
R 1 0 4- :  
JMP E X I T 3  
I NC AX 
MOV K , AX 
P U S H  CX 
J MP DO l O  
MOV S I , l  
MOV C X , N O 
POP ex 
MOV S I , l  
MOV AX , N  S AV E  N I N TO A X  
S UB - AX , 1 
MOV N 1  , AX 
PUS H AX ; S AVE N l  
MOV D I , l  
C M P  D I , S I  
J GE R 1 0 1  
FN I N I T  
MOV AX , S I 
I MU L  F OUR 
MOV S I , AX 
MOV A X , D I 
I MU L  F OUR 
MOV D I , AX 
FLO D W O R D  P T R  ARRA Y A [ S I ] 
F L D  D WO R D  P T R  A RRA Y A · [ D I 1 
F X C H  S T ( 1 )  
F S T P  D W O R D  P T R  A R R A Y A  [ D I l 
F S T P D W O R D  P T R  ARR A YA [ S I j 
F L D  D W O R D  PT R ARRAY B [ S i l  
. .  FLO D WO R D  PTR · A R R A  Y B. [ D I J 
F XC H S T  ( 1 )  
F S T P  .D W O R D  . PTR A R R A Y a  { D T l 
F S T P  D W O R D  P T R  ARRA YB [ :· I  _l 
XOR D X , DX 
MOV AX , S I 
I D I V  FOUR 
1 1 7  
R l O l : 
R 1 0 2 : 
R 1 0 3 : 
R :  
OUT l : 
R E l :  
R E 2 : 
MOV S I , A X 
XOR DX , DX 
MOV AX , D I 
I D I V  FOUR 
MOV D I , AX 
XOR DX , DX 
MOV AX , N O 
I D I V  TWO 
C MP AX , S I 
J GE R l 0 3  
SUB S I , AX 
X OR DX , DX 
I D I V TWO 
JMP R 1 0 2  
A D D  S I , AX 
POP ex 
D EC ex 
J N Z  R 
JMP OUT l 
P U S H C X  
I N C D 1  
J MP R 1 0 4 
MOV e X , N O 
MOV 8 1 , 4  
ivlOV B X , [ B P ] + 1 6  
F L D  DWOR D PTR AR R A Y A  
F 8 T P- D WO R D  P TR [ B X ]  
A D D  
AD D 
D E C  
J N Z  
MOV 
MO V 
MO V  
F L D  
BX , 4  
8 1 , 4  
e x  
RE l 
C X , N  
8 1 , 4  
B X , [ H P ]  + 1 8  . . . 
DWORD . PTR ARRA Y_B 
F 8 T P  DWORD PTR [ B X ]  
AD D ·s x , 4 
AD D 8 1 , -1  
1 1 8 
[ S I ] 
. [ S I ] 
ALLDONE : 
F FT 
DEC C X  
J N Z  R E 2  
JMP A LLDONE 
POP D I  
POP S I  
POP DX 
POP C X  
POP B X  
POP A X  
P O P  B P  
R E T  1 4  
E N D P  
E :� o  
1 1 9. 
F i g . 4 . 4  
�AS I C  I nve r s e  FFT Cal l i ng Prog ram 
7 5  D I M A ( 1 2 8 ) , B ( 1 2 8 ) , X ( 1 2 8 ) , Y ( 1 2 8 )  
8 0  I NPUT N 
8 2  I NPUT M 
8 5  FOR I = 1  TO N 
1 n  r NPUT A (  I )  , B ( I )  
i O O NEXT I 
L 1 0 C A L L  F F T  ( X ( 1 ) , Y ( 1 ) , A ( 1 ) , B ( 1 } , M ,  N ) 
l 5 0 FOR 1 = 1  T O  N 
1 6 0 Y ( I ) : - Y ( l )  
1 7 0 NEXT I 
1 8 0 REM U S E  T H E  OUTPUT O F  F F T  AS THE I NPUT O F  I F FT 
2 0 0 C A L L  FFT ( A  ( 1 ) , B ( 1 ) , M ,  N )  . 
2 1 C REM R E S U L T S  ARE TH E S AME AS THE OR I G I N A L  I N PUT . O F F F � ·  
2 2 0  PR I N T I I  " , A ( I ) / N , - B ( I ) / N 
2 J O N EXT I 
3 9 0  E N D  
1 2 0 
1 2 1  
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